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We consider the problem of non-negative super-resolution, which concerns
reconstructing a non-negative signal z = ZLI a;0y; from m samples of its
convolution with a window function ¢(s—t), of the form y(s;) = S°F_ | a;p(s; —t;) +
05, where §; indicates an inexactness in the sample value. We first show that x is
the unique non-negative measure consistent with the samples, provided the samples
are exact. Moreover, we characterise non-negative solutions & consistent with the
samples within the bound ijl 5]2- < 62. We show that the integrals of # and z
over (t; — €, t; + €) converge to one another as ¢ and § approach zero and that z and
I are similarly close in the generalised Wasserstein distance. Lastly, we make these
results precise for ¢(s — ¢) Gaussian. The main innovation is that non-negativity is
sufficient to localise point sources and that regularisers such as total variation are
not required in the non-negative setting.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

Super-resolution concerns recovering a resolution beyond the essential size of the point spread function

of a sensor. For instance, a particularly stylised example concerns multiple point sources which, because of

the finite resolution or bandwidth of the sensor, may not be visually distinguishable. Various instances of

this problem exist in applications such as astronomy [3], imaging in chemistry, medicine and neuroscience

[4-11], spectral estimation [12,13], geophysics [14], and system identification [15]. Often in these applications

much is known about the point spread function of the sensor, or can be estimated and, given such model

information, it is possible to identify point source locations with accuracy substantially below the essential
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width of the sensor point spread function. Recently there has been substantial interest from the mathe-
matical community in posing algorithms and proving super-resolution guarantees in this setting, see for
instance [16-23]. Typically these approaches borrow notions from compressed sensing [24-26]. In particular,
the aforementioned contributions to super-resolution consider what is known as the Total Variation norm
minimisation over measures which are consistent with the samples. In this manuscript we show first that,
for suitable point spread functions, such as the Gaussian, any discrete non-negative measure composed of k
point sources is uniquely defined from 2k + 1 of its samples, and moreover that this uniqueness is indepen-
dent of the separation between the point sources. We then show that by simply imposing non-negativity,
which is typical in many applications, any non-negative measure suitably consistent with the samples is
similarly close to the discrete non-negative measure which would generate the noise free samples. These
results substantially simply results by [1,2] and show that, while regularisers such as Total Variation may
be particularly effective, in the setting of non-negative point sources such regularisers are not necessary to
achieve stability.

1.1. Problem setup

Throughout this manuscript we consider non-negative measures in relation to discrete measures. To be
concrete, let « be a k-discrete non-negative Borel measure supported on the interval I = [0,1] C R, given
by

k
x = Z a; -0, with a; >0 andt; €int(I) foralli. (1)
i=1

Consider also real-valued and continuous functions {¢;}7"; and let {y;}72; be the possibly noisy measure-
ments collected from z by convolving against sampling functions ¢;(t):

k
b= [ 0i(0aldt) + 5 = 3" aio(t) + 5 (@)
T =1

where §; with Z;nzl 5? < 2 can represent additive noise. Organising the m samples from (2) in matrix

notation by letting

yi=[y1 - ym|T ER™,  B(t):=[h1(t) - dm()]T €R™ )

allows us to state the program we investigate:

find z > 0 subject to |y — /@(t)z(dt) <d, (4)
T

2

with § < ¢’. Herein we characterise non-negative measures consistent with measurements (2) in relation to
the discrete measure (1). That is, we consider any non-negative Borel measure z from the Program (4)!
and show that any such z is close to = given by (1) in an appropriate metric, see Theorems 4, 5, 11, 12
and 13. Note that when solving Program (4), the measure z is completely unknown, so neither the source
locations {t;}¥_, and weights {a;}*_, nor their number k is known in advance. Moreover, we show that the

1 An equivalent formulation of Program (4) minimises ||y — J; ®(t)z(dt)||2 over all non-negative measures on I (without any
constraints). In this context, however, we find it somewhat more intuitive to work with Program (4), particularly considering the
importance of the case § = 0.
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x from (1) is the unique solution to Program (4) when ¢’ = 0; e.g. in the setting of exact samples, 7; = 0 for
all 7. Program (4) is particularly notable in that there is no regulariser of z beyond imposing non-negativity
and, rather than specify an algorithm to select a z which satisfies Program (4), we consider all admissible
solutions. The aim of doing this is to highlight that non-negativity is the main regulariser, especially in the
noise-free setting. However, a practitioner solving this problem in the context of sparse measures would be
advised to include additional regularisers such as the TV norm or a sparsity constraint in the context of
non-convex methods to encourage sparsity, specifically in the noisy setting.

The admissible solutions of Program (4) are determined by the source and sample locations, which we
denote as

T={t;}}_y Cint(I) and S={s;}], CI (5)

respectively, as well as the particular functions ¢;(¢) used to sample the k-sparse non-negative measure x
from (1). Lastly, we introduce the notions of minimum separation and sample proximity, which we use to
characterise solutions of Program (4).

Definition 1 (Minimum separation and sample prozimity). For finite T = T U {0,1} C I, let A(T) > 0 be
the minimum separation between the points in 7" along with the endpoints of I, namely

AT = min  |T—T) (6)
T, T; €T i#j

We define the sample proximity to be the number A € (0, %) such that, for each source location ¢;, there
exists a closest sample location s;(;) € S to t; with

[t — siiy| < AA(D). (7)

We describe the nearness of solutions to Program (4) in terms of an additional parameter e associated
with intervals around the sources T; that is we let € < A(T')/2 and define intervals as:

k
Tie:={t:|t—ti|<e}nl, ielk], T.:=|JT (8)
i=1
where [k] = 1,2,...,k, and set TFE and TEC to be the complements of these sets with respect to I. In order

to make the most general result of Theorems 11 and 12 more interpretable, we turn to presenting them in
Section 1.2 for the case of ¢;(t) being shifted Gaussians.

1.2. Main results simplified to Gaussian window

In this section we consider ¢;(t) to be shifted Gaussians with centres at the source locations s;, specifically

(t—s)?

¢j(t) = g(t —sj) =e” 7. (9)

We might interpret (9) as the “point spread function” of the sensing mechanism being a Gaussian window
and s; the sample locations in the sense that

[oittatan = [ ot~ s)a@t) = (gra)(s). Vi ml, (10)



A. Eftekhari et al. / Appl. Comput. Harmon. Anal. 50 (2021) 216-280 219

—=x
1-|——mnoise-free y °
o noisy measurements at {s;}7,
08—
o
0.6 —
=
04
0.2
°
0
°
02 I I I I I I I I I |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

¢2
Fig. 1. Example of discrete measure z and measurements where ¢;(t) = ¢(t — s;) for s; € S and the Gaussian kernel ¢(t) = e .
(For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

evaluates the “filtered” copy of = at locations s; where x denotes convolution.

As an illustration, Fig. 1 shows the discrete measure x in blue for £ = 3, the continuous function
y(s) = (g x z)(z) in red, and the noisy samples y(s;) at the sample locations S represented as the black
circles.

The conditions we impose to ensure stability of Program (4) for ¢(¢) Gaussian as in (9) are as follows:
Conditions 2 (Gaussian window conditions). When the window function is a Gaussian ¢(t) = 6_%7 we
require its width o and the source and sampling locations from (5) to satisfy the following conditions:

1. Samples define the interval boundaries: s; = 0 and s, = 1,

2. Samples near sources: for every i € [k], there exists a pair of samples s, s’ C .S, one on each side of t;,
such that |s — t;| < n and s’ — s € [C1n, Can] for some C; € (0,1] and Cy € [1,2) and n < o2 small
enough; which is quantified in Lemma 24.

3. Sources away from the boundary: o4/log(1/n3) < t;,s; < 1 — o4/log(1/n3) for every i € [k] and
je2:m—1],

4. Minimum separation of sources: 0 < v/2 and A(T) > o4/log (3 4+ =), where the minimum separation
A(T) of the sources is defined in Definition 1.

The four properties in Conditions 2 can be interpreted as follows: Property 1 imposes that the sources are
within the interval defined by the minimum and maximum sample; Property 2 ensures that there is a pair
of samples near each source which translates into a sampling density condition in relation to the minimum
separation between sources and in particular requires the number of samples m > 2k + 2; Property 3
constrains the width of the Gaussian o through the sampling density 7 (in particular o > €/1/log(1/n3),
where € is the minimum distance between a source and the sampling boundary, which implies that having
samples far away from the sources requires a wider point spread function. Conversely, a smaller distance of
the sources to the boundary e allows a narrower point spread function); Properties 3 and 4 are technical
conditions used in the proof to bound the eigenvalues of an associated stability matrix, and we expect may
be improved, though a condition constraining the size of o as compared to 7 is likely necessary in the noisy
setting as otherwise the samples in (2) may have little dependence on the source locations ¢;.

We can now present our main results on the robustness of Program (4) as they apply to the Gaussian
window; these are Theorem 4, which follows from Theorem 11, and Theorem 5, which follows from Theo-
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rem 12. However, before stating the stability results, it is important to note that, in the setting of exact
samples, 7; = 0, the solution of Program (4) is unique when ¢’ = 0.

Proposition 3 (Uniqueness of exactly sampled sparse non-negative measures for ¢(t) Gaussian). Let x be
a non-negative k-sparse discrete measure supported on I, see (1). If § =0, m > 2k + 1 and {¢;}72, are
shifted Gaussians as in (9), then  is the unique solution of Program (/) with §' = 0.

Proposition 3 states that Program (4) successfully localises the k impulses present in 2 given only 2k + 1
measurements when ¢;(t) are shifted Gaussians whose centres are in I. Theorems 4 and 5 extend this
uniqueness condition to show that any solution to Program (4) with ¢’ > 0 is proportionally close to the
unique solution when ¢’ = 0.

Theorem 4 (Wasserstein stability of Program (4) for ¢(t) Gaussian). Let I = [0,1] and consider a k-sparse
non-negative measure x supported on T C int(I). Consider also an arbitrary increasing sequence {s;}jL; C
R and, for positive o, let {¢;(t)}]L, be defined in (9), which form ® according to (3). If m > 2k + 2 and
Conditions 2 hold, then Program (J) with 8’ = § is stable in the sense that

daw (2,2) < Fr -0 + [lz|l7v - € (11)

for all e < A(T)/2 where dgw is the generalised Wasserstein distance as defined in (19) and the eract
expression of Fy = Fy(k,A(T), 1,1 n) is given in the proof (see (65) in Section 5.4.2). In particular, for

o< % and A(T) > o /log 5, we have:

11 clkCl(l) Co k
Fi(k,A(T), —, - < 12
1(k, A( )a07€777)< o2 [06(1_302)2] J (12)
if
6(1 _ 2 ~L 2
n < mind @7 L=307) o | (13)
(k+1)2 (k+1)s

where c1, ca, c3, ¢4 are universal constants and Cq (%) is given by (60) in Section 3.4.1.

The central feature of Theorem 4 is that the proportionality to § and e of the Wasserstein distance
between any solution to Program (4) and the unique solution for ¢’ = 0 is of the form (11). The particular
form of Fy(-) is not believed to be sharp; in particular, the exponential dependence on k in (12) follows
from bounding the determinant of a matrix similar to ® (see (129)) by a lower bound on the minimum

eigenvalue to the k" power. The scaling with respect to o2

is a feature of ¢’ in Program (4) not being
normalised with respect to |ly||2 which, for T and S fixed, decays with o due to the increased localisation
of the Gaussian. Note that the € dependence is a feature of the proof and the ¢ which minimises the bound
in (11) is proportional to § to some power as determined by C(e~!) from (12). Theorem 4 follows from the
more general result of Theorem 11, whose proof is given in Section 3 and the appendices.

As an alternative to showing stability of Program (4) in the Wasserstein distance, we also prove in
Theorem 5 that any solution to Program (4) is locally consistent with the discrete measure in terms of local
averages over intervals T; . as given in (8). Moreover, for Theorem 5, we make Property 2 of Conditions 2
more transparent by using the sample proximity AA(T') from Definition 1; that is, n defined in Conditions 2

is related to the sample proximity from Definition 1 by AA(T') < n/2.
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Theorem 5 (Average stability of Program (4) for ¢(t) Gaussian: source proximity dependence). Let I = [0, 1]
and consider a k-sparse non-negative measure x supported on T and sample locations S as given in (5) and
for positive o, let {¢;(t)}jL, as defined in (9). If the Conditions 2 hold, then, in the presence of additive
noise, Program (4) is stable in the sense that, for any solution & of Program (4) with 6’ = 4:

2]l v
2

/ 2(dt) —a;| < [(cl +Fy) -0+ €| Fs, (14)

ie

/gz(dt) < Fy -4, (15)
Te
where the ezact expressions of Fo = Fy(k, A(T), %, 1) and F3 = F5(A(T),0,)) are given in the proof (see
(71) in Section 3.4.3), provided that A, A(T) and o satisfy (27). In particular, for o < %, A(T) > o4/log 5
and A < 0.4, we have F3(A(T),0,)\) < ¢5 and:

1 e k
Fuolk, AT), % %) < ¢ kcc;(é) Lﬁ(l - 302)2] ' (16)

Above, c1,ca,c3,c4,c5 are universal constants and Cg(%) is given by (61) in Section 3./.1.

Both Theorem 4 and 5 establish a notion of stability in the sense that they give similar bounds on the
error (measured using a different metric in each theorem) in terms of the magnitude 6 of the noise and an
additional term involving €. However, despite the fact that their proofs make use of the same bounds, they
have some fundamental differences. While both (11) and (14) have the same proportionality to § and €, the
role of e in particular differs substantially in that Theorem 5 considers averages of & over T; .. Also different
in their form is the dependence on |z||7y and |||y in Theorems 4 and 5 respectively. The presence of
|Z]l7v in Theorem 5 is a feature of the proof which we expect can be removed and replaced with ||z||rv
by proving any solution of Program (4) is necessarily bounded due to the sampling proximity condition of
Definition 1. It is also worth noting that (14) avoids an unnatural =* dependence present in (11). Theorem 5
follows from the more general result of Theorem 12, whose proof is given in Section 3.4.3.

Lastly, we give a corollary of Theorems 4 and 5 where we show that, for d > 0 but sufficiently small, one
can equate the § and € dependent terms in Theorems 4 and 5 to show that their respective errors approach
zero as d goes to zero.

Corollary 6. Under the conditions in Theorems J and 5 and for o < %, A(T) > o4/log % and \ < 0.4,
there exists 6y such that:

=

dow (z,2) < Cy - 07, (17)

/aé(dt) Cai| <y -0, (18)
for all § € (0,8), where Cy and Cy are given in the proof in Section 3.4./.

1.3. Organisation and summary of contributions

Organisation. The majority of our contributions were presented in the context of Gaussian windows in Sec-
tion 1.2. These are particular examples of a more general theory for windows that form a Chebyshev system,
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commonly abbreviated as T-system, see Definition 7. A T-system is a collection of continuous functions
that loosely behave like algebraic monomials. It is a general and widely-used concept in classical approx-
imation theory [27-29] that has also found applications in modern signal processing [1,2]. The framework
we use for these more general results is presented in Section 2.1, the results presented in Section 2.2, and
their proof sketched in Section 3. Proofs of the lemmas used to develop the results are deferred to the
appendices.

Summary of contributions. We begin discussing results for general window function ¢ with Proposition 8,
which establishes that for exact samples, namely § = 0, {@};”zl a T-system, and from m > 2k + 1
measurements, the unique solution to Program (4) with ¢’ = 0 is the k-sparse measure x given in (1). In
other words, we show that the measurement operator ® in (3) is an injective map from k-sparse non-negative
measures on [ to R™ when {¢;}7", form a T-system. No minimum separation between impulses is necessary
here and {¢; }’]”:1 need only to be continuous. As detailed in Section 1.4, Proposition 8 is more general and
its derivation is far simpler and more intuitive than what the current literature offers. Most importantly,
no explicit regularisation is needed in Program (4) to encourage sparsity: the solution is unique.

Our main contributions are given in Theorems 11 and 12, namely that solutions to Program (4) with
¢’ > 0 are proportionally close to the unique solution (1) with §' = 0; these theorems consider nearness
in terms of the Wasserstein distance and local averages respectively. Furthermore, Theorem 11 allows z to
be a general non-negative measure, and shows that solutions to Program (4) must be proportional to both
how well x might be approximated by a k-sparse measure, x, with minimum source separation 2¢, and a
0 proportional distance between y and solutions to Program (4). These theorems require m > 2k 4 2 and
loosely-speaking the measurement apparatus forms a T*-system, which is an extension of a T-system to
allow the inclusion of an additional function which may be discontinuous, and enforcing certain properties
of minors of ®. To derive the bounds in Theorems 4 and 5 we show that shifted Gaussians as given in (9)
augmented with a particular piecewise constant function form a T*-system.

Lastly, in Section 2.2.1, we consider an extension of Theorem 12 where the minimum separation between
sources A(T) is smaller than e. We extend the intervals T; . from (8) to T, in (31), where intervals T;
which overlap are combined. The resulting Theorem 13 establishes that, while sources closer than € may
not be identifiable individually by Program (4), the local average over Tj . of both x in (1) and any solution
to Program (4) will be proportionally within ¢ of each other.

To summarise, the results and analysis in this work simplify, generalise and extend the existing results
for grid-free and non-negative super-resolution. These extensions follow by virtue of the non-negativity
constraint in Program (4), rather than the common approach based on the TV norm as a sparsifying
penalty. We further put these results in the context of existing literature in Section 1.4.

1.4. Comparison with other techniques

We show in Proposition 8 that a non-negative k-sparse discrete measure can be exactly reconstructed
from m > 2k + 1 samples (provided that the atoms form a T-system, a property satisfied by Gaussian
windows for example) by solving a feasibility problem. This result is in contrast to earlier results in which a
TV norm minimisation problem is solved. De Castro and Gamboa [2] proved exact reconstruction using TV
norm minimisation, provided the atoms form a homogeneous T-system (one which includes the constant
function).? An analysis of TV norm minimisation based on T-systems was subsequently given by Schiebinger

2 Note that in [2], De Castro and Gamboa consider the more general case of signed measures, where the TV norm objective is
required, and they focus on three extended examples: non-negative measures, generalised Chebyshev measures and A-interpolation.
Therefore, our noise-free results in the present paper can only be compared with the results from Section 2 in [2], where the authors
consider the non-negative measure reconstruction by solving a TV norm minimisation problem over signed measures in the noise-free
setting.
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et al. in [1], where it was also shown that Gaussian windows satisfy the given conditions. We show in
this paper that the TV norm can be entirely dispensed with in the case of non-negative super-resolution.
Moreover, analysis of Program (4) is substantially simpler than its alternatives. In particular, Proposition 8
for noise-free super-resolution immediately follows from the standard results in the theory of T-systems. The
fact that Gaussian windows form a T-system is immediately implied by well-known results in the T-system
theory, in contrast to the heavy calculations involved in [1].

While neither of the above works considers the noisy setting or model mismatch, Theorems 11 and 12
in our work show that solutions to the non-negative super-resolution problem which are both stable to
measurement noise and model inaccuracy can also be obtained by solving a feasibility program. The most
closely related prior work is by Doukhan and Gamboa [30], in which the authors bound the maximum
distance between a sparse measure and any other measure satisfying noise-corrupted versions of the same
measurements. While [30] does not explicitly consider reconstruction using the TV norm, the problem is
posed over probability measures, that is those with TV norm equal to one. Accuracy is captured according
to the Prokhorov metric. It is shown that, for sufficiently small noise the Prokhorov distance between the
measures is bounded by §¢, where 4 is the noise level and ¢ depends upon properties of the window function.
In contrast, we do not make any total variation restrictions on the underlying sparse measure, we extend
to consider model inaccuracy and we consider different error metrics (the generalised Wasserstein distance
and the local averaged error).

More recent results on noisy non-negative super-resolution all assume that an optimisation problem
involving the TV norm is solved. Denoyelle et al. [21] consider the non-negative super-resolution prob-
lem with a minimum separation ¢ between source locations. They analyse a TV norm-penalised least
squares problem and show that a k-sparse discrete measure can be stably approximated provided the

noise scales with t2k—1

, showing that the minimum separation condition exhibits a certain stability to
noise. In the gridded setting, stability results for noisy non-negative super-resolution were obtained in
the case of Fourier convolution kernels in [31] under the assumption that the spike locations satisfy a
Rayleigh regularity property, and these results were extended to the case of more general convolution ker-
nels in [32].

Super-resolution in the more general setting of signed measures has been extensively studied. In this
case, the story is rather different, and stable identification is only possible if sources satisfy some separation
condition. The required minimum separation is dictated by the resolution of the sensing system, e.g., the
Rayleigh limit of the optical system or the bandwidth of the radar receiver. Indeed, it is impossible to
resolve extremely close sources with equal amplitudes of opposite signs; they nearly cancel out, contributing
virtually nothing to the measurements. A non-exhaustive list of references is [33,17-20,22,23].

In Theorem 12 we give an explicit dependence of the error on the sampling locations. This result relies
on local windows, hence it requires samples near each source, and we give a condition that this distance
must satisfy. The condition that there are samples near each source in order to guarantee reconstruction
also appears in a recent manuscript on sparse deconvolution [34]. However, this work relies on the minimum
separation and differentiability of the convolution kernel, which we overcome in Theorem 12.

2. Stability of Program (4) to inexact samples for ¢;(t) T-systems

The main results stated in the introduction, Theorems 4 and 5, are for Gaussian windows, which allows the
results to omit technical details of the more general results of Theorems 11-13. These more general results
apply to windows that form Chebyshev systems, see Definition 7, and an extension to T™*-systems, see
Definition 9, which allows for explicit control of the stability of solutions to Program (4). These Chebyshev
systems and other technical notions needed are introduced in Section 2.1 and our most general contributions
are presented using these properties in Section 2.2.



224 A. Eftekhari et al. / Appl. Comput. Harmon. Anal. 50 (2021) 216-280

2.1. Chebyshev systems and sparse measures

Before establishing stability of Program (4) to inexact samples, we show that solutions to Program (4)
with ¢’ = 0, that is with y; in (2) having 7; = 0, has x from (1) as its unique solution once m > 2k + 1.
This result relies on ¢;(t) forming a Chebyshev system, commonly abbreviated T-system [27].

Definition 7 (Chebyshev, T-system [27]). Real-valued and continuous functions {¢;}72; form a T-system on
the interval I if the m x m matrix [¢;()]}"—; is nonsingular for any increasing sequence {7 };2; C I.

Example of T-systems include the monomials {1,¢,---,t™~!} on any closed interval of the real line.

In fact, T-systems generalise monomials and in many ways preserve their properties. For instance, any

“polynomial” Z;nzl bj¢; of a T-system {¢;}7L; has at most m — 1 distinct zeros on I. Or, given m distinct

m
j=1
independence of {¢;} is a necessary condition for forming a T-system, but not sufficient. Let us emphasise

points on I, there exists a unique polynomial in {¢, that interpolates these points. Note also that linear
that T-system is a broad and general concept with a range of applications in classical approximation theory
and modern signal processing. In the context of super-resolution for example, translated copies of the
Gaussian window, as given in (9), and many other measurement windows form a T-system on any interval.
We refer the interested reader to [27,29] for the role of T-systems in classical approximation theory and to
[35] for their relationship to totally positive kernels.

2.1.1. Sparse non-negative measure uniqueness from exact samples

Our analysis based on T-Systems has been inspired by the work by Schiebinger et al. [1], where the authors
use the property of T-Systems to construct the dual certificate for the spike deconvolution problem and
to show uniqueness of the solution to the TV norm minimisation problem without the need of a minimum
separation. The theory of T-Systems has also been used in the same context by De Castro and Gamboa in
[2]. However, both [1] and [2] focus on the noise-free problem exclusively, while we will extend the T-Systems
approach to the noisy case as well, as we will see later.

Our work, in part, simplifies the prior analysis considerably by using readily available results on T-Systems
and we go one step further to show uniqueness of the solution of the feasibility problem, which removes the
need for TV norm regularisation in the results of Schiebinger et al. [1]; this simplification in the presence
of exact samples is given in Proposition 8.

Proposition 8 (Uniqueness of exactly sampled sparse non-negative measures). Let x be a nmon-negative
k-sparse discrete measure supported on I as given in (1). Let {¢; 7Ly form a T-system on I, and given
m > 2k + 1 measurements as in (2), then x is the unique solution of Program (4) with ' = 0.

Proposition 8 states that Program (4) successfully localises the k impulses present in z given only 2k + 1

measurements when {¢; };":1 form a T-system on I. Note that {¢; =1 only need to be continuous and no
minimum separation is required between the impulses. Moreover, as discussed in Section 1.4, the noise-free
analysis here is substantially simpler as it avoids the introduction of the TV norm minimisation and is more
insightful in that it shows that it is not the sparsifying property of TV minimisation which implies the

result, but rather it follows from the non-negativity constraint and the T-system property, see Section 3.1.

2.1.2. T*-systems in terms of source and sample configuration

While Proposition 8 implies that T-systems ensure unique non-negative solutions, more is needed to
ensure stability of these results to inexact samples; that is § > 0. This is to be expected as T-systems imply
invertibility of the linear system ® in (3) for any configuration of sources and samples as given in (5), but do
not limit the condition number of such a system. We control the condition number of ® by imposing further
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Fig. 2. Example of {7;};7, that satisfy the conditions in Definition 9 for m = 10 and k = 3.

conditions on the source and sample configuration, such as those stated in Conditions 2, which is analogous
to imposing conditions that there exists a dual polynomial which is sufficiently bounded away from zero in
regions away from sources, see Section 2.2. In particular, we extend the notion of T-system in Definition 7
to a T*-system which includes conditions on samples at the boundary of the interval, additional conditions
on the window function, and a condition ensuring that there exist samples sufficiently near sources as given
by the notation (8) but stated in terms of a new variable p so as to highlight its different role here.

Definition 9 (T*-system). For an even integer m, real-valued functions {¢;}72, form a T*-system on I = [0, 1]
if the following holds for every T = {t1,ta,...,tx} C I when p > 0 is sufficiently small. For any increasing
sequence 7 = {7}]", C I such that

e 10=0,7T, =1,
« except exactly three points, namely 79, 7,,, and say 7; € int(I), the other points belong to T},
e every T; , contains an even number of points,

we have that

1. the determinant of the (m +1) x (m + 1) matrix M, := [¢;(7)]]";, is positive, and
2. the magnitudes of all minors of M, along the row containing 7; approach zero at the same rate® when
p — 0.

Let us briefly discuss T*-systems as an alternative to T-systems in Definition 7. The key property of
a T-system to our purpose is that an arbitrary polynomial Z;’;O bj¢; of a T-system {¢, 7o on I has at
most m zeros. Polynomials of a T*-system may not have such a property as T-systems allow arbitrary
configurations of points 7 while T*-systems only ensure the determinant in condition 1 of Definition 9 be
positive for configurations where the majority of points in 7 are paired in 7},. However, as the analysis later
shows, condition 1 in Definition 9 is designed for constructing dual certificates for Program (4). We will also
see later that condition 2 in Definition 9 is meant to exclude trivial polynomials that do not qualify as dual
certificates. Lastly, rather than any increasing sequence {7;};c[0:m) C I, Definition 9 only considers subsets
7 that mainly cluster around the support 7', whereas in our use all but one entry in 7 is taken from the set
of samples S; this is only intended to simplify the burden of verifying whether a family of functions form
a T*-system. While the first and third bullet points in Definition 9 require that there need to be at least
two samples per interval T; , as well as samples which define the interval endpoints which gives a sampling
complexity m = 2k + 2, we typically require S to include additional samples, m > 2k + 2, due to the
location of T' being unknown. In fact, as 7" is unknown, the third bullet point imposes a sampling density
of m being proportional to the inverse of the minimum separation of the sources A(T). The additional
point 7; is not taken from the set S, it instead acts as a free parameter to be used in the dual certificate.
In Fig. 2, we show an example of points {7;}}°, which satisfy the conditions in Definition 9 for k = 3
sources.

3 A function u : R — RT approaches zero at the rate p© when u(p) = ©(p”). See, for example [36], p. 44.
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We will state some of our more general stability results for solutions of Program (4) in terms of the
generalised Wasserstein distance [37] between x; and x5, both non-negative measures supported on I,
defined as

dow (z1,22) = inf ([l21 = z1llpy +dw (21, 22) + |22 = 22ll7y) (19)

where the infimum is over all non-negative Borel measures 21,29 on I such that ||z1]|7v = ||22||7v. Here,
|zllrv = [} |z(dt)| is the total variation of measure z, akin to the ¢;-norm in finite dimensions, and dy is
the standard Wasserstein distance, namely

dw (21, 2) :igf/|71 ol -y (dm, ) (20)
I

where the infimum is over all measures v on I x I that produce z; and 29 as marginals. In a sense, dgw
extends dy to allow for calculating the distance between measures with different masses.*

Moreover, in some of our most general results we consider the extension to where x need not be a
discrete measure, see Theorem 11. In that setting, we introduce an intermediate k-discrete measure which
approximates = in the dgw metric. That is, given an integer k and positive €, let x5 . be a k-sparse
2e-separated measure supported on Ty, . C int(I) of size k and with A(T} ) > 2€ such that, for § > 1,

R(l'ak,E) = dGW(mvxk,e) S ﬂinfdGW(an)v (21)
X

where the infimum is over all k-sparse 2e-separated non-negative measures supported on int(I) and the
parameter [ allows for near projections of x onto the space of k-sparse 2e-separated measures.

Lastly, we also assume that the measurement operator ® in (3) is Lipschitz continuous, namely there
exists L > 0 such that

/ B(t) (e (dt) — 22(d0)]| < L dow (a1, 22), (22)
I 2

for every pair of measures z1, z3 supported on I.
2.2. Stability of Program (4)

Equipped with the definitions of T and T*-systems, Definitions 7 and 9 respectively, we are able to
characterise any solution to Program (4) for ¢;(t) which form a T-system and suitable source and sample
configurations (5). We control the stability to inexact measurements by introducing two auxiliary functions
in Definition 10, which quantify the dual polynomials ¢(t) and ¢™(¢) associated with Program (4) to be at
least f away from the necessary constraints for all values of t at least € away from the sources. Specifically,
for F' and F™ defined below, we will require that ¢(¢t) > F(t) and ¢™(¢t) > F™(¢) for all ¢ € [0, 1].

Definition 10 (Dual polynomial separators). Let f : R — R, be a bounded function with f(0) = 0, f, fo, f1
be positive constants, and {T; .}¥_; the neighbourhoods as defined in (8). We then define

4 In [37], the authors consider the p-Wasserstein distance, where popular choices of p are 1 and 2. In our work, we only use the
1-Wasserstein distance.
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an t= 07
f17 = 17
f(t—t;), when there exists ¢ € [k] such that ¢ € T} ,

1, elsewhere on int([).

Moreover, let 7 € {£1}* be an arbitrary sign pattern. We define F'™ as

fO) t= 07
f17 t= 17
m; — f(t —+¢;), when there exists ¢ € [k] such that t € T},

-f, everywhere else on int(I).

We defer the introduction of dual polynomials ¢ and ¢™ and the precise role of the above dual polynomial
separators to Section 3, but state our most general results characterising the solutions to Program (4) in
terms of these separators.

Theorem 11 (Wasserstein stability of Program (4) for ¢;(t) a T-system). Consider a non-negative measure
x supported on int(I) = (0,1) and assume that the measurement operator ® is L-Lipschitz, see (3) and (22).
Consider a k-sparse non-negative discrete measure x supported on T = {t;}¥_, C int(I) and fix e < A(T)/2,
see (6), and consider functions F(t) and F™(t) as defined in Definition 10. For m > 2k + 2, suppose that

o {#}jLy form a T-system on I,
o {F}YU{a;}7Ly form a T*-system on I, and
o {F"YU{;}T, form a T*-system on I for any sign pattern .

Let T be a solution of Program (/) with
8 =86+ L -dew (z,X). (25)

Then there exist vectors b, {b™}r C R™ such that

~ 2 -
dow (08) < (((0+ %) Il + Omin 5712 ) &'+ el +dew (). (26)

where the minimum is over all sign patterns m and the vectors b,{b"}. C R™ above are the vectors of
coefficients of the dual polynomials q and q™ associated with Program (4), see Lemmas 16 and 17 in Section 3
for their precise definitions.

Theorem 4 follows from Theorem 11 by considering ¢;(t) Gaussian as stated in (9) which is known to
be a T-system [27], and introducing Conditions 2 on the source and sample configuration (5) such that the
conditions of Theorem 11 can be proved and the dual coefficients b and 0™ bounded; the details of these
proofs and bounds are deferred to Section 3 and the appendices.

The particular form of F' and {F™}, in Theorem 11, constant away from the support T of x, ¢, is purely
to simplify the presentation and proofs. Note also that the error dgw (x,Z) depends both on the noise
level § and the residual R(z, k, €), not unlike the standard results in finite-dimensional sparse recovery and
compressed sensing [24,38]. In particular, when ¢, ¢, R(x, k, ) — 0, we approach the setting of Proposition 8,
where we have uniqueness of k-sparse non-negative measures from exact samples.
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Note that the noise level § and the residual R(z, k, €) are not independent; that is, § specifies confidence
in the samples and the model for how the samples are taken while R(x, k, €) reflects nearness to the model
of k-discrete measures. Corollary 6 show that the parameter € can be removed, for ¢;(t) shifted Gaussians,
in the setting where x is k-discrete, that is R(x, k,€) = 0, in which case dgw (z,#) is bounded by O(6/7).

The more general variant of Theorem 5 follows from Theorem 12 by introducing alternative conditions
on the source and sample configuration and omitting the need for the functions F™, which is the cause of
the unnatural n~! dependence in Theorem 4.

Theorem 12 (Average stability for Program (4) for ¢;(t) a T-system). Let & be a solution of Program (4)
and consider the function F(t) as defined in Definition 10. Suppose that:

o {#}jLy form a T-system on I,
o {F}U{e;}jLy form a T*-system on I, and
e A=A(T) and A = Ao € (0,1/2) from Definition 1 satisfy

1/2-AA 1/242A
1 1
608) =9 -2 +oa28) + 5 [ et [ ol (27)
A—AA A+XA

Then, for any € € (0,A/2) and for all i € [k],

[ ot < (2 (1 ) o Ly o) ORI (28)

Jj=1

where:

o b e R™ is the same vector of coefficients of the dual certificate q as in Theorem 11 and f is given in
Definition 10, which is used to construct the dual certificate q, as described in Lemma 16 in Section 3,
6% = max, e [6(s — 1))

e L is the Lipschitz constant of ¢,

o A cRF*E s the matriz

S
A= _¢2: AR (30)
“Jnt)] —lon(t)] .. low(te)]

with ¢;(t;) = ¢(t; — s1(:)) evaluated at sy(;y as defined in (7).

Theorem 12 bounds the difference between the average over the interval T; . of any solution to Program (4)
and the discrete measure whose average is simply a,. The condition on X to satisfy (27) is used to ensure the
matrix from (30) is strictly diagonally dominant. It relies on the windows ¢;(t) being sufficiently localised
about zero. Though Theorem 12 explicitly states that the location of the closest samples to each source is
less than A\gA(T), this can be achieved without knowing the locations of the sources by placing the samples
uniformly at interval 2A\gA(T) which gives a sampling complexity of m = (2M\A(T))~!. Lastly, a similar
bound on the integral of & over T is given by Lemma 16 in Section 3.
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2.2.1. Clustering of indistinguishable sources

Theorems 11 and 12 give uniform guarantees for all sources in terms of the minimum separation condition
A(T), which measures the worst proximity of sources. One might imagine that, for example, if all but two
sources are sufficiently well separated, then Theorem 12 might hold for the sources that are well separated;
moreover, assuming € is fixed, then if two sources t; and t;; with magnitudes a; and a;1 are closer than
2¢, namely |t; — t;11]| < 2¢, we might imagine that a variant of Theorem 12 might hold but with sources ¢;
and t; 41 approximated with source t¢ near ¢; and t;41 and with a¢ = a; + a;41.

In this section we extend Theorem 12 to this setting by considering e fixed and alternative intervals
{TZ 6} ", a partition of T, such that each T, « contains a group of consecutive sources t;1,...,%;, (with
weights a;1, . .., a;r, respectively) which are within at most 2e of each other. Define

Til,ea where t;; € Til,e and ‘til—&-l — til| < 26, Vi € [kz — 1], (31)

I
Heats

for 25:1 k; = k, so that we have

k
=JTie and T[Ty #0, Vi#j (32)
=1

Theorem 13 (Average stability for Program (4): grouped sources). Let & be a solution of Program (4) and
I = 1[0,1] be partitioned as described by (31). If the samples are placed uniformly at interval 2 oe where
A = Ao satisfies (27) with A = 2¢, then there exist {fi}ie[fc] with &; € Ti,e such that

b > bll2 :
/@(dt) > | < (2 (1 + T) §+ (2k — 1)L|| 2| v - e) > (AN, (33)
o r=1

Jj=1

i,€

where the constants are the same as in (12) and the matriz A € REXE g

61 (6] —lorE)] .. —|or(ER)]
el e o Il
A= : : . :

lorE)] —lorE) . 1n(€)

Note that Lemma 16 still holds if we replace any group of sources from an interval Ti,é with some &; € Tiyg,
so the bound from Lemma 16 on T remains valid without modification.

As an exemplar source location where Theorem 13 might be applied, consider the situation where the k
source locations comprising T are drawn uniformly at random in (0, 1), where we have that (from [39] p. 42,
Exercise 22)

PAT) > 0) = [1 = (k+1)0)F, 0¢e {o, %H} .

Then, the cumulative distribution function is

and so the distribution of A(T) is
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F(0) = F'(0) = (k + 1)k[L — (k +1)6]" ",

with an expectation of

‘H

k+1

P(A(T) > 0)do =

1

1

E(A(T) = i

(34)

o

That is, for = from (1) with sources T' drawn uniformly at random in (0, 1), the expected value of A(T) is
given by (34) and, in Theorems 11 and 12, the corresponding number of samples m would scale quadratically
with the number of sources k due to the scaling of m ~ A(T)~!. Alternatively, Theorem 13 allows meaningful
results for m proportional to k by grouping the sources that are within k=2 of one another.

3. Dual polynomials for stability of non-negative measures

The results in Section 2 are developed by establishing dual polynomials of Program (4) which are non-
negative except at the source locations, which implies that the solution to Program (4) is unique when
0" = 0, see Proposition 8, and then showing that the dual polynomials are sufficiently non-negative away
from the source locations and using this property to develop Theorems 11, 12, and 13. In this section we
state the key lemmas used to prove the aforementioned results and then bound the quantities involving the
dual polynomials in order to establish Theorems 4 and 5 for the case of Gaussian windows.

8.1. Uniqueness of non-negative sparse measures from exact samples: proof of Proposition 8

Proposition 8 states that if  is a non-negative k-sparse discrete measure supported on I, see (1), provided
m > 2k + 1 and {¢;}7L; are a T-system, then x is the unique non-negative solution to Program (4) with
0" = 0. This follows from the existence of a dual polynomial as stated in Lemma 14, the proof of which is

given in Appendix A.

Lemma 14 (Dual polynomial and uniqueness of non-negative sparse measure equivalence). Let x be a non-
negative k-sparse discrete measure supported on I, see (1). Then, x is the unique solution of Program (/)
with & =0 if
o the k x m matriz [¢; (tl)]ilf;:n is full rank, and
o there exist real coefficients {b;}7, and q(t) = Y7L, b;jp;(t) such that q(t) is non-negative on I and
vanishes only on T

Fig. 3 shows an example of such a dual certificate using Gaussian ¢; as defined in (9). It remains to
show that such a dual polynomial exists. To do this, we employ the concept of T-system introduced in
Definition 7. Of particular interest to us is Theorem 5.1 in [27], slightly simplified below, which immediately
proves Proposition 8.

Lemma 15 (Dual polynomial existence for T-systems [27, Theorem 5.1, pp. 28]). With m > 2k + 1, suppose
that {¢;}7" form a T-system on I. Then there exists a polynomial q(t) = Z;nzl bj¢;(t) that is non-negative
on I and vanishes only on T.
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Fig. 3. Example of dual certificate ¢(t) required in Lemma 14. Here, we have k = 3 and t; = 0.27,t2 = 0.59 and t3 = 0.82.

8.2. Stabilising dual polynomials for non-negative sparse measures: proof of Theorem 11

We develop the proof of Theorem 11 by using a dual polynomial analogous to that in Lemma 14, but
with further guarantees that away from the sources the dual polynomial must be sufficiently bounded away
from the constraint bounds. However, first, let us bring the generality of Theorem 11 to discrete measures
by introducing an intermediate measure y which is k-discrete and whose support is 2¢ separated. Noting
that the measurement operator ® is L-Lipschitz, see (22), and using the triangle inequality, it follows that

y*/¢@ﬂﬁ)féy—/¢@ﬂ&)4-/¢@@@0—ﬂwn

I 2 I 2 I 2

<0+ L-dow (l’, X) =4 (35)

Therefore, a solution Z of Program (4) with §’ specified above can be considered as an estimate of x. In
the rest of this section, we first bound the error dgw (X, T) and then use the triangle inequality to control
dGW (33, 53\)

To control dgw (X, T) in turn, we will first show that the existence of certain dual certificates leads to sta-
bility of Program (4). Then we see that these certificates exist under certain conditions on the measurement
operator ®. Turning now to the details, the following result is slightly more general than the one in [40]
and guarantees the stability of Program (4) if a prescribed dual certificate ¢ exists. The proof is provided
in Appendix B.

Lemma 16 (Error away from the support). Let T be a solution of Program (/) with &' specified in (35) and
set h =T — x to be the error. Consider F(t) given in Definition 10 and suppose that there exist a positive
€ < A(T)/2, real coefficients {b;}7", and a polynomial q = Z;’;l bj¢; such that

q(t) = F(t),

where the equality holds on T. Then we have that
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Fig. 4. Example of dual certificate g(t) that satisfies the conditions in Lemma 16 where the window function is the Gaussian kernel
o(t) = e /%" We take k = 3 and t; € {0.27,0.59,0.82} and the function F'(¢) such that q(t) > F(¢).

iZITi,e

k
Pl nan+>s [ 1 u)nan < 2ol (30)
TC

where b € R™ s the vector formed by the coefficients {b;}7.;.

There is a natural analogy here with the case of exact samples. In the setting where n; = 0 in (2), the
dual certificate ¢ in Lemma 14 was required to be positive off the support T. In the presence of inexact
samples however, Lemma 16 loosely-speaking requires the dual certificate to be bounded® away from zero
(see example in Fig. 4) for t € TC.

Note also that Lemma 16 controls the error A away from the support 7', as it guarantees that

/ h(dt) < w (37)

e

if the dual certificate ¢ exists. Indeed, (37) follows directly from (36) because the sum in (36) is non-negative.
This is in turn the case because f(0) = 0 and the error h is non-negative off the support 7. Another key
observation is that Lemma 16 is almost silent about the error near the impulses in x. Indeed, because
f(0) = 0 by assumption, (36) completely fails to control the error on the support T. However, as the next
result states, Lemma 16 can be strengthened near the support provided that an additional dual certificate
q° exists. The proof, given in Appendix C, is not unsimilar to the analysis in [41].

Lemma 17 (Error near the support). Suppose that the dual certificate in Lemma 16 exists. Consider a
function FO(t) defined like F™(t) in Definition 10 for the sign pattern m° such that

0 1,  when there exists i € [k] such thatt € T; . and fTi,e h(dt) > 0,

—1, when there exists i € [k] such thatt € T; . and fTi _h(dt) <0,

and suppose also that there exist real coefficients {b(;}je[m] and a polynomial ¢° = Z;ﬂ:1 b(;qu such that

5 Note the scale invariance of (36) under scaling of f and f. Indeed, by changing f, f to af, af for positive a, the proof dictates
that b changes to ab and consequently « cancels out from both sides of (36). Similarly, if we change ® to a® in (3), the proof
dictates that b changes to b/« and o again cancels out, leaving (36) unchanged.
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Fig. 5. Example of dual certificate ¢°(t) that satisfies the conditions in Lemma 17 where the window function is the Gaussian kernel
o(t) = e /7" We take k = 3 and t; € {0.27,0.59,0.82} and the function F°(t) for the sign pattern 7° = {—1,1,1} such that
q°(t) > FO(t). For the Gaussian kernel, the existence of ¢™ (¢) for any sign pattern 7 guarantees the existence of ¢°(t) in Lemma, 17.

¢"(t) > FO(t),

where the equality holds on T. Then we have that

k
3 / h(t)| < 2 (bl + 1°]12) 5" (38)
=1

Tie

In words, Lemma 17 controls the error h near the support 7', provided that a certain dual certificate ¢°
exists (see example in Fig. 5). Note that (38) does not control the mass of the error, namely Y, [, |h(dt)| =
J- |h(dt)], but rather it controls > .| [ h(dt)|. Of course, the latter is always bounded by the former,
that is 7

> / h(dt)| < / Ih(dt)). (39)

i=1 Ti,e Te

However, the two sides of (39) might differ significantly. For instance, it might happen that the solution &
returns a slightly incorrect impulse at ¢; + €¢/4 (rather than ¢;) but with the correct amplitude of a;. As a
result, the mass of the error is large in this case (le _|h(dt)| = 2a;) but the left-hand side of (39) vanishes,
namely | qu‘ _h(dt)[ = 0. Note that we cannot hope to strengthen (38) by replacing its left-hand side with
the mass of the error, namely fTe |h(dt)]. This is the case mainly because the total variation is not the
appropriate error metric for this context.

Indeed, while the mass of the error [; |h(dt)| might not be small in general, we can instead control the
generalised Wasserstein distance between the true and estimated measures, namely x and Z, see (19) and
(20). The following result is proved by combining Lemmas 16 and 17, see Appendix D.

Lemma 18 (Stability of Program (4) in the Generalised Wasserstein distance). Suppose that the dual certifi-
cates in Lemmas 16 and 17 exist. Then it holds that

=N 2
dew (,3) < ((6+ ;-) 5l + 6||b0|2) 5 + el (10)



234 A. Eftekhari et al. / Appl. Comput. Harmon. Anal. 50 (2021) 216-280

An application of triangle inequality now yields that
dew (2,7) < dew (z,x) + dew (X, 7)

2
<dew(z,x) + ((6 + ?) |Ibll2 + 6|b0||2> & + ellxllrv- (see Lemma 18) (41)

In words, Program (4) is stable = if the certificates ¢ and ¢° exist. Let us now study the existence of
these certificates. Proposition 19, proved in Appendix E, guarantees the existence of the dual certificate ¢
required in Lemma 16 and heavily relies on the concept of T*-system in Definition 9. We remark that the
proof benefits from the ideas in [27]. Similarly, Proposition 20, stated without proof, ensures the existence
of the certificate ¢° required in Lemma 17.

Proposition 19 (Ezistence of q). For m > 2k + 2, suppose that {¢;}72, form a T-system on I and that
{FYU{s;}7y form a T*-system on I, where F(t) is the function given in Definition 10. Then the dual
certificate q in Lemma 16 exists and consequently Program (/) is stable in the sense that (36) holds.

Note that to ensure the success of Program (4), it suffices that there exists a polynomial ¢ = Z;nzl bjo;
such that ¢(¢) > F'(t) with the equality met on the support T', see Lemma 16. Equivalently, it suffices that
there exists a non-negative polynomial ¢ = —byF + Z;”:l bj¢; that vanishes on 1" such that by > 0 and
at least one other coefficient, say b;,, is nonzero. This situation is reminiscent of Lemma 15. In contrast to
Lemma 15, however, such ¢ exists when {F'} U {¢;} 2, is a T*-system rather than a T-system. The more
subtle T*-system requirement is to avoid trivial or unbounded polynomials.

Proposition 20 (Ezistence of ¢°). For m > 2k + 2, suppose that {¢; jeq form a T-system on I and that
{FOY U {o;}7y form a T*-system on I, where FO(t) is the function defined in Lemma 17. Then the dual
certificate ¢ in Lemma 17 exists and consequently Program (/) is stable in the sense that (38) holds.

Having constructed the necessary dual certificates in Propositions 19 and 20, the proof of Theorem 11 is
now complete in light of (41).

3.8. Proof of Theorem 12 (Average stability for Program (4))

In this section we give an overview of the main ideas involved in proving Theorem 12. To start with, let
A € R¥¥F be defined as in (30):

|p1(t1)|  —lpa(t2)| ... —|é1(tw)l
| el et —leatt)]
Clon(t)] —lon(t)l . lowite)]

where ¢;(t;) = ¢(t; — si(s)) is evaluated at the source ¢; and the closest sample to it, as defined in (7).

The proof of Theorem 12 consists of two steps. We first show that we can bound the error if the matrix A
is strictly diagonally dominant. It is easy to see that, if the window function ¢ is localised, then the entries
on the main diagonal are larger in absolute value than the off-diagonal entries. If, moreover, we choose the
sampling locations {s;};c[m) such that A is strictly diagonally dominant (which means that for each source,
there is a sampling location that is “close enough” to it), then the bound (28) is guaranteed.

Proposition 21. For each source t;, select s;;) to be the closest sample as defined in (7), and define the
matriz A in (30) using the sequences {t;}}_,, {si)}i,. If A is strictly diagonally dominant, then the error
around the support is bounded according to (28).
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Then, we want to go further and see what it means exactly for A to be strictly diagonally dominant, so
the second step in the proof of Theorem 12 is to give an upper bound for the distance between the sources
{ti}icjx) and the closest sampling locations {s;(;) }ic[x) such that A is strictly diagonally dominant.

Given an even positive function ¢ that is localised at 0 and with fast decay, let A and A as given in
Definition 1, so

|ti — Sl(i)' < AA (42)
We want to find A9 such that

Slsuiy — ) = > dlsiay —ts), YA€ (0,h0), Vi€ [k], (43)
J#i

namely, we want the matrix A to be strictly diagonally dominant. From the conditions (43), we can obtain
a more general equality, depending on ¢ and A, that Ao must satisfy such that, for A < Ao, A is strictly
diagonally dominant. The equality is given by (27):

1/2—=X0A 1/24+X0A
6(20A) = (A — 2A) + S(A + AgA) / Sl)da + / oz
A AoA A+XoA

Proposition 22. Let Ao € (0,1) such that |t; — s;i)| < XA for all i € [k]. If No satisfies (27), then the

matriz A defined in (30) is strictly diagonally dominant.

Finally, we note that the proof of Theorem 13 involves the same ideas as the ones discussed in this
section, with a few modifications. The detailed proofs of Proposition 21 and Proposition 22 are given in
Appendices F and G respectively. The proof of Theorem 13 is similar to the proof presented in the current
section, so we only show the differences in Appendix H.

3.4. Proofs of Theorems j and 5 (Gaussian with sparse measure)

In this section we give the main steps taken to obtain the explicit bounds in Theorems 4 and 5 for the
Gaussian window function. These are particular cases of the more general Theorems 11 and 12 respectively,
where the window function is taken to be the Gaussian ¢;(t) = e=(t=5)*/7" given in (9), and the true
measure z is a k-discrete non-negative measure as in (1).

8.4.1. Bounds on the coefficients of the dual certificates for Gaussian window

We will now give explicit bounds on the vectors of coefficients ||b||2 and ||b™||2 of the dual certificates ¢
and ¢™ from Lemmas 16 and 17 in terms of the parameters of the problem k,T,S and o (the width of the
Gaussian window).

Firstly, we introduce a more specific form of the dual polynomial separators F'(t), F'™(t) from Definition 10.
Here, we take f(t) = 0 for t € (—¢,€) and f, fi positive constants with f < 1. Then, fy is defined to be
greater that both f and f;, with the exact relationship between fy and f given in the proof of Lemma 23.
Therefore, for € > 0 and a sign pattern = € {£1}*, F(t) and F™(¢t) are:

an t= Oa
flu t= 17
0, when there exists ¢ € [k] such that t € T},

f, elsewhere on I.
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an t= 07
f17 t= 17
m;,  when there exists ¢ € [k] such that t € T; ,

—f, elsewhere on I.

With the above definitions, both Theorem 11 and Theorem 12 require that {F'}U{¢;}7.; form a T*-system
on I. Likewise, Theorem 11 requires that {F"} U {¢;}"2; form a T*-system for any sign pattern m. We
show in Lemma 23 that both these requirements are satisfied for the choice in (9) of ¢;(t) = e=(t=53)%/0%
The proof is given in Appendix J.

Lemma 23. Consider the function F(t) defined in (44) and suppose that m > 2k + 2. Then {F} U {$;}7,
form a T*-system on I, with ¢ extended totally positive, even Gaussian and ¢; defined as in (9), provided
that fo > f, fo > f1 and f, fo, f1 > 0. These requirements are made precise in the proof and are dependent
on e. Moreover, for an arbitrary sign pattern m and F™ as defined in (45), {F™}U{¢; 7Ly forma T*-system
on I when, in addition, fo > 1.

In this setting, consider a subset of m = 2k + 2 samples {s;}7"; C S (since in the proof of Lemma 23 we
select the 2k 4 2 samples that are the closest to the sources) such that they satisfy Conditions 2. Therefore,
we have that s; =0, s, = s2p42 = 1, and

|s2; — ti] < m, 8241 — 82 = 1), Vi € [k], (46)

for a small n < 02, see (9). That is, we collect two samples close to each impulse ¢; in 2, one on each side
of t;.
Suppose also that

4
c<V2, A>o log(3+—2>, n<o? (47)
o

namely the width of the Gaussian is much smaller than the separation of the impulses in x. Lastly, assume
that the impulse locations T = {t;}*_, and sampling points {sj}}":_; are away from the boundary of I,
namely

o/log(1/m?) < t; <1 —ov/log(1/n3),  Vie [k,
oy/log(1/n3) < s; < 1—o0+/log(1/n?), Vie[2:m—1]. (48)

Remark 1. The Property 2. Samples near sources in Conditions 2 states that for each two samples s’ and
s near each source, we have that:

Cin < s —5< Con, (49)

but in (46) above we simplified the condition to $g;4+1 — s2; = 1. Throughout the proofs in this paper we will
use the simplified condition in (46) instead of the more general (49) so that we do not obscure the central
issues of the proof with extra indices and separate treatment of the upper and lower bounds for s’ — s. This
has implications for Lemma 24 below, and we will point out the places in its proof where using the more
general condition (49) would require separate treatment (see footnotes 6 and 8).
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Remark 2. The Property 3. Sources away from the boundary in Conditions 2 is necessary due to our method
of proof, which imposes that the sources and samples are in the interval I = [0, 1] independently from
the width o of the convolution kernel and the minimum separation of sources A. While the exact form of
the boundary conditions depend on the specific approach that we took in the proof, there is an interplay
between o and A in the noisy setting and due to the fact that the interval I = [0, 1] is fixed, some form
of scaling is required, which is what this condition achieves. For example, for ¢ = 1, the Gaussian kernel
defined in (10) varies by at most 1 (between two sources located at t; = 0 and ¢, = 1) and therefore our
results for the noisy setting are not meaningful for large o.

We can now give explicit bounds on [|b]|2 and ||b™||2 for the Gaussian window function, as required by
Theorems 11 and 12. The following result is proved in Appendix K.

Lemma 24. Suppose that the window function ¢ is Gaussian, as defined in (9), the assumptions (46), (47)
and (48) (namely Conditions 2) hold and n satisfies:

8-Fmin A7l g é
7 < min (A7) T Cldo, f1) 1 (50)
3 4k\3
34(2k + 2) (80k+8+kp(§) _ZM_) (1h +4+25)
l—e o2
Then we have the following bounds:
VORE2 @51 2) TR (A D))"
1b]l2 < = C(fo, f1)* ik (51)
1-— % len (A7 %)
k
i V2E+2 ¢ | Fax (A, 2
s < 2 (g ) oyt | Lmec(B2) | (52
77( — 7) min (Aa;)
where
C(fo, f1) = f§ + fi +2fo +2f1 + 2, (53)
1 4 1372 4N 9/12 8\’
P(;)—£+z<ﬁ+ﬁ) *1(?*?)7 (54)

1 1
1 4 2 : 1 2 2 16 :
o o 1 — e o7 g ag g 1 — e oz

A2
-2
Fonin (A, l) =1- <1 + 3) e (56)
g

0%) 15

To obtain the final bounds for the Gaussian window function, we will substitute the above bounds in
the right hand side of (26) in Theorem 11 and in (28) and (29) in Theorem 12. We will then obtain Fj in
Theorem 4 (see (65)) and Fy in Theorem 5 (see (72)).

For more clarity, in the following lemma we simplify F; and Fb further, in the case when stronger
conditions apply to o, A(T') and A.

Lemma 25. If the conditions in Lemma 24 hold and, in addition, o < %, A > o,/log % and f < 1, then

Fmax A?% &
a3

Fuin (8, 2)7 713027 o7
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1
<w+;hﬂk+5+§CU@hﬁ+SKXMﬁ)+%ﬁ>%%%§<wmki$Jv 53)
(2k +2) (4k +5+ 25) O(fo, f1)3 kCo (L)
\/ 1_§ (fOffl) <cy- 02—25 , (59)
where
Cl (l) _ (é(vafl) + 2k)§ , (60)
€ f
Cy <%> — M, (61)

and, similarly, the condition (50) is simplified to condition (13). Moreover, if A in Theorem 12 satisfies
A< %, then

1
< ¢4. 62
3 3
_ A2x2 _ A2x2 = _Aa2a-x)?2 ( )
e o2 —e o2 € EAz —e -2
l—e o2

Above, cq,ca,c3,cq are universal constants.

More specifically, (57), (58) will be used to bound F} to obtain (12) and (57), (59), will be used to bound
F to obtain (16). Lastly, (62) will be used to bound F3, which appears in the bound given by Theorem 5.

The proof of Lemma 25 is given in Appendix N. Note that we give C; and C5 as functions of % because,
as € — 0, C7 and Cy grow at a rate dependent on €, as indicated in Lemma 27 in Section 3.4.4.

3.4.2. Proof of Theorem J (Wasserstein stability of Program (4) for ¢(t) Gaussian)

We consider Theorem 11 and restrict ourselves to the case x = yx, a k-discrete non-negative measure as
in (1) with support T. Let A = A(T) > 2¢, with T as the support of x. We begin with estimating the
Lipschitz constant of the measurement operator ® according to (22), see Appendix I for the proof of the
next result.

Lemma 26. Consider S = {s;}72; C R and {¢;}]., specified in (9). Then the operator ® : I — R™

defined in (3) is 3\/\/727:16 -Lipschitz with respect to the generalised Wasserstein distance, namely (22) holds with

— 2y/m
L_o\/%'

We may now invoke Theorem 11 to conclude that, for an arbitrary k-sparse 2e-separated non-negative
measure z and arbitrary sampling points {s;}7"; C R, Program (4) with ¢’ = ¢ is stable in the sense that
there exist vectors b, {b™ }. C R™ such that

~ 2 R
dow (0.3) < (642 ) Il + O 472 ) -5+ Ll - (63)

provided that m > 2k + 2 and fu > fi > f > 0. The exact relationships between f, fo, fi are given in the
proof of Lemma 23 in Appendix J.

Combining Lemma 24 with (63) yields a final bound on the stability of Program (4) with Gaussian
window and completes the proof of the first part of Theorem 4:
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dew (z,7) < Fy(k, A(T),

1
2,77)'5+||90||TV'@ (64)

Q|-

where

11 2 6 3 \/m max( a%)
Fi(k,A(T ); E,n):<(6+}—)\/4k+5+ C4+5(C+2/€)2> Y (me(A7%)2> , (65)

2

with C, Fiax, Finin given in (53), (55), (56) respectively and fo = fo(2) depends on € (see the proof of
Lemma 27).
Finally, to show that (12) holds when o < \/_, and A > o4/log %, we apply the first part of Lemma 25

with f < 1 and the proof of Theorem 4 is complete.

Remark. In particular, fy increases as ¢ — 0 and fy also depends on the other parameters of the problem,
namely 7,0, A(T), k. See Section 3.5 for a detailed discussion. Furthermore, f; and f are considered fixed
positive constants with f; < fo.

3.4.8. Proof of Theorem 5 (Average stability of Program (4) for ¢(t) Gaussian: source proximity
dependence)
We now apply Theorem 12 with ¢(t) = g(t) = e~/7* We have that ¢*>° = 1, the Lipschitz constant L

of gon [~1,1] is L = 2, and

o2

k
1
d (A1) <A oo < : (66)
j=1 minj (g(Sj - tj) - Zi?fj g(Sj - ti))

The last inequality comes from the definition of A in (30) with ¢(t) = g(t) and s; := sy(;) as given in
Definition 1, and [42]. Then, by assumption, |s; — ;| < AA for an arbitrary j € [k] and g is decreasing, so

A242

g(sj —t;) = g(AA) = e 22
We now assume without loss of generality that s; < t;. Then, it follows that
|Sj—ti‘2|j—i|A—/\A, ifi<j and |Sj—ti|2‘j—i|A+/\A, ifi>j.

This, in turn, leads to

j—1 k
Zg(sj —t;) = ZQ(SJ‘ —ti) + Z g(s; —ti)
itj i=1 i=j+1
7j—1 k
<Y g(G=DA =2+ > g((i— H)A+AA)
i=1 i=j+1

<2 9= NA) 4D g((i+N)A). (67)

We now bound each sum in (67) as follows
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> ol - A Z S

A2(1-x)2 A2\ ¢ 224
=e¢ = 2 4+ g e ?-7)

A2(1—>\)2 A2
- e?) (1 — 2iA > i for i > 2)
_2A2
_a%a-x? a2 e o2
= e o +e o . A2 (68)
1—e o2

and similarly, we have that

2

o N
’L+/\)2A2 A222 e o2
i+ A)A <e o7 . 69
;g(( g 1 e_% (69)
By combining (67), (68) and (69), we obtain:
A2)2 A2)2 67% + 6727?; A2(1-x?
—Zg(sj—ti)Ze_ 2 —e P —e . (70)
1—e %7

i#]

The above inequality also holds when we take the minimum over j € [k] and, inserting it in (66) and using
this result and the bound on ||b||2 from Lemma 24 in (28), we obtain (14):

JECURIE [<c1+F2> 5+ e 1TV -e} B, (71)
where
% +2) (4k + 5+ 5 1) 1"
11 @2 (4454 25) O(fy, f1)F [ Fuax (A, 2)
Fy(k, A(T), =, =) = NG vk (72)
o € —_ X f len (Aa E)
1
F5(A(T ) =
3(A(T),0,A) e—A—j?—Q _e—A_jZAE . 67§§+ef:$; _e_Az(i—x)z’ (73)
1—67%?

and C, Frax, Fmin are given in (53), (55), (56) respectively. The error bound away from the sources (15) is
obtained by applying Lemma 16 with the same bounds on [|b]|2.
Then, by using Lemma 25 with f < 1, we obtain (16). Note that we can apply Lemma 25 because, for

o< \/5, we have that 5 > 3 + 2 and, therefore, A > J\/log > J\/log 3+ = 4.

8.4.4. Proof of Corollary 6
First we give an explicit dependence of C1(1) and C2(1) on € for small € > 0 in the following lemma,
proved in Appendix O.

Lemma 27. If f1 < fo, 1 < fo and f < 1, then there exists eg > 0 such that:

€

€6
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1 5 1
Cy <—) < Cé - 5
€ €

for all € € (0, €¢p), where ¢&1 and ¢ are universal constants and C. is defined in the proof, see (237).

To prove the first part of the corollary, we first let € = ¢ 7 in the bound on Cy(

c1C2 + 2ket)s 1
Cy (1) OO L vsad,
€ f 07

1) in Lemma 27:

and we substitute the above inequality in the bound (12) in Theorem 4 to obtain:
dgw(x,i‘) < él 5%, Vo < 68,

where

1=

é clk(éle + 2]@64)% I: C2

k
- nof ob(1 — 302)2} Izl

Similarly, let € = d5 in the bound on C3(1) in Lemma 27:

1 s 1
Co (‘) < EQC; . 50 Vi < 68,
E 5

=

which we substitute in the bound (16) in Theorem 5 to obtain:

/i(dt)—ai SC’Q'(Sé, v5<€8,

ie

where

Cy=c1 +c3 o2

5
ke C2 Cy4 F ca|| 2| rv
o2 | o%(1—302)2 '

241

(75)

(76)

(77)

(78)

(79)

Note that we apply Lemma 27 with f < 1 and that both inequalities in the corollary hold for § < &y = €],

where €( is given by Lemma 27.

3.5. Discussion

In this section, we discuss a few issues regarding the robustness of our construction of the dual certificate

from Appendix E. There are two points that need to be raised: the construction itself and the proof that

we indeed have a T*-System.

At the moment, we do not use any samples that are away from sources in the construction of the dual

certificate. If the sources are close enough compared to ¢, then this is not an issue. However, for ¢ small

relative to the distance between samples, in light of the proof of Lemma 23 (see Appendix J), if we consider

the dual certificate as the expansion of the determinant N of M* in (123) along the 7, row:

N =—F(n)Bo+ Y (=1 B,g(n — 5),
j=1

(80)
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then the terms g(7;) become exponentially small (as 7; is far from all samples s;) and, therefore, the value

of N is close to —F(7;) (which is —f if 7, € T). This is problematic, as we require that N > 0. We can

1

overcome this by adding “fake” sources at intervals n~" so that they cover the regions where we have no

true sources, together with two close samples for each extra source. The determinant IV becomes:

fo f(s1) 9(sm)
0 g(ti—s1) g(t1 — sm)
0 g'(ti—s1) g'(t1 — sm)
f Q/(Tj - 51) gl(Tj Sm)
N f g (7 - 51) 9 (7 — sm) (81)
F(n) g(r—s) 9~ $m)
0 gltr—s1) g(tk — 5m)
0 gty —s1) g (tk — sm)
fi gl —=s1) 9(1 = sm)

Here, the rows are ordered according to the ordering of the set containing ¢;, 7;, 7;. The terms in the expansion
of (81) along the row with 7; do not approach 0 exponentially with this construction, since for any 7; there
exists s; close enough so that g(r; — s;) > f* for some f* > 0.

More specifically, consider also the expansion of N along the first column:

N = foN11 + fiNmy11 — F(m)Nr1 — .fZ(Nj,l —Njt11)+ fZ(Nj,l — Njt11). (82)

J<m J>7

We use this expansion in the proof of Lemma 23 in Appendix J to show that the functions F'U{g; };”:1 form
a T*-System. For 7, € T¢, F(1;) = f and the setup in Lemma 23, we require that (see (128)):

f—E’ > Nrs

_ . 83
- ming, e Nia ( )

In the construction (81), if we upper bound the pairs N;j; — Nj41,1 in the two sums in (82) (a separate
problem by itself), then we can impose a similar condition to (83) for fo and f. From here, we obtain that

fo = C'f where finding C' > mmNTiLClNM involves finding a lower bound on Nj ;:
7'LETe 5
g(ti —s1) -+ g(t1 — sm)
g(tr—s1) - gt —sm)
glrj —s1) o 9(1j = sm)
g(rj—s1) - g(15—sm)
N = : : (84)
g(TL - 51) g(TL - Sm)
g(ty, — s1) 9tk — 5m)
g (tk — s1) g (tke — 5m)
g(1—s1) g(1 —sm)

The structure of the above determinant is similar to the denominator in Appendix K but only up to the row

with 7,. The rows after it do not preserve the diagonally dominant structure of the matrix, as each source
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becomes associated with one close sample to it and the first sample corresponding to the next source. This
is an issue in both the construction described in the proof of Proposition 19 in Appendix E (and detailed
in the proof of Lemma 23) and the construction described in the current section (which would result from
considering a determinant with “fake” sources like (81)). However, by adding extra “fake” sources, one could
argue that the determinant (81) is better behaved, as the distance between a source and the first sample
corresponding to the next source is smaller, which we leave for further work.
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Appendix A. Proof of Lemma 14

Let Z be a solution of Program 4 with § = 0 and let A = & — x be the error. Then, by feasibility of both
x and Z in Program (4), we have that

[oitonan =0, jeml (85)

Let T¢ be the complement of T = {ti}le with respect to I. By assumption, the existence of a dual
certificate allows us to write that

/ a(t)h(dt) = / g(t)h(dt) - / a(t)h(dt)
T

TC 1

:/q(t)h(dt) (q(t:) =0, i € [k])

-2h [

1
=0. (see (85))

Since = 0 on T, then h = & on T, so the last equality is equivalent to

q(t)2(dt) = 0. (36)

TC

But q is strictly positive on T, so it must be that h = & = 0 on TC and, therefore, h = Zle ¢;dy, for
some coefficients {¢;}. Now (85) reads Zi;l ¢;i¢;(t;) = 0 for every j € [m]. This gives ¢; = 0 for all ¢ € [k]
because [¢;(t;)];,; is, by assumption, full rank. Therefore h = 0 and & = z on I, which completes the proof
of Lemma 14.
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Appendix B. Proof of Lemma 16

Let & be a solution of Program (4) and set h = & — x to be the error. Then, by feasibility of both x and
Z in Program (4) and using the triangle inequality, we have that

/ B(1)h(dt)|| <20 (87)

I 2

Next, the existence of the dual certificate ¢ allows us to write that

f/ dt+Z/ft—t h(dt)

1= szs

< faonar 5 oo

TC

€

- / g(t)h(dt) + / qOR@) (T = UL, T

TC T.

- / a(t)h(d1)
;b] o0

< ||b]|2 - /CID(t)h(dt) (Cauchy-Schwarz inequality)
I 2
< Ibll2-20",  (see (87))

which completes the proof of Lemma 16.

Appendix C. Proof of Lemma 17

The existence of the dual certificate ¢° allows us to write that

1= lT7 . .
k k
= / (si —d°(®)) h(dt)+2/q0(t)h(dt)
i=lp, =g
k
- si—q" () h(dt) + [ ¢°(t)h(dt 0(1)h(dt
;/( (1)) /q (d?) / ()
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:Z/qu h(dt) + Z/ —1—¢°(t)) h(dt)

Si:lTi,e slfflT

+ [ @n(dt) — | ¢°(H)h(dt)
[ o |

<Z/f (t —t;) h(dt) + Z /f (t — t;) h(dt) + /O(t)h(dt)+fT£h(dt)

él_lT, .

_Z/f (t —t;) h(dt) +f/hdt / (t)h(dt)

1= sze

< 2|[b]]28" + /qo(t)h(dt) (see Lemma 16)
T

=20’ + 319 [ o5(0)niar)
J=1 I

< 2bl20" + [[B°]]2 - 20", (see (87))
which completes the proof of Lemma 17.
Appendix D. Proof of Lemma 18

Our strategy is as follows. We first argue that
daw (X, Z) = dew (X, ),

where T is the restriction of Z to the e-neighbourhood of the support of x, namely T, defined in (8). This,
loosely speaking, reduces the problem to that of computing the distance between two discrete measures
supported on T'. We control the latter distance using a particular suboptimal choice of measure v in (20).

Let us turn to the details.
Let ¥ be the restriction of Z to T, namely T = Z|r., or more specifically

z(dt) teT,
F(dt) = 4 2 .
0 teT.

Then, using the triangle inequality, we observe that

dew (X, 7) < daw (X, T) + dow (7,7) . (88)

The last distance above is easy to control: We write that

dow (%,7) = it (|F — gy, + |1 = Zllpy +dw (5,3)  (see (19))
<G = gy + 7~ Flgy +dw @7 (F=2=7)
— & = &gy

= H§|T§HTV
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= /i(dt) (Z is non-negative)
TC

= / h(dt) (h(dt) = 2(dt) — x(dt) = Z(dt) when t € T)
TC

< % (see Lemma 16) (89)

We next control the term dgw (x, Z) in (88) by writing that

dew (x, @) = 1nf (X = zllpy + 17 = Zllpy +dw (2,2))  (see (19))

) XNy
12l

= |||5HTV - HXHTVl +dw (x, 2)

T—T

< x = xlpy +

+dw(X,,ZV) <ZX5’ZVE X|TV>

TV 12l v

= ||55TC TV‘*‘HETe v — x|z, TV‘+dW(X7a

=zl llry = Xz llry [ +dw (x,2) (@ =2[r.)

= /E(dt) — /X(dt) +dw (x, 2) (x and Z are non-negative)

Te Te

- / h(d)| + dw (x.3)

T.

IN

k
Z / h(dt)| + dw (x, 2) (triangle inequality)
i=1

Tie

<2 (||b||2 + Hb0||2) 8 +dw (x,2) - (see Lemma 17) (90)
For future use, we record an intermediate result that is obvious from studying (90), namely

E |y — Ixllzv] < 2 (16]l2 + [|6°]],) 8" (91)

It remains to control dw (x, z) above where
dw (x.) =i [ |r =7l (dr,d7), (92)
12

is the Wasserstein distance between the measures y and z. The infimum above is over all measures 7 on
I? = I x I that produce y and Z as marginals, namely we have:

/ ~(dr,d7) = x(A) and / ~v(dr,d7) =2(B), VA,BCI (93)
AxI IxB

For every i € [k], let also Z; = Z|r,, and Z; = Z|r, . be the restrictions of Z and % to Tj ., respectively.
Because of our choice of z, Z in the second line of (90), note that z; = Z; - || z||7v /||Z||7v. Recalling that y is
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supported on T = {t;}¥_,, we write that y = 2?21 a;0;, for non-negative amplitudes {a;}¥_,. Then, noting
that y is supported on T" and Z is supported on T, then any feasible v in (92) is supported on T' x T, and
we can construct a feasible but suboptimal v(dr,d7) in a two-step approach, where we first extract up to
a; weight of z; on each d;,, for example let

k .
T if 2 (d71) < a;,
"= E Zi(d7)17, where 1, = ' fTi,e (dr) (94)
i=1 [t — & ti + & if otherwise,

where §; is defined such that f b +£’ " Zi (d7) = a;. As a result, 77 has d7 marginal equal to z; on the support
of v and the d7 marginal no more than the desired a;. We then construct v, by partitioning the remaining
Z; into the d7 subsets in order to make up the Z marginal, which is exactly achievable using all of Z due to
JZ(dr) = Zle a;. Then, we take v = v, + 2.
Intuitively, this is a transport plan according to which we move as much mass as possible inside each
¢ (from 4,4, to Z;, the minimum of the masses the two) and the remaining mass is moved outside T; .
Therefore, for this choice of vy, we have that

wln?) < / 7 — Fy(dr, d7)
I2

k k
= Z / |7 — 7|y(dr, dT) + Z / |7 — 7|y(dr, dT)
3 i=1

l:1{ti}><T1i,e {t:}xTE.
k k
<> [ wnan+Y [ sandd) (95)
=y, Elhiyxre,

The third line above uses the fact that 7 = ¢; and, if 7 € T}, then |7 — 7| < e and |7 — 7| < 1 otherwise.
By evaluating the integrals in the last line above, we find that

k k
dw (x,2) < > min{ag, [Zllrv} + 3 (@ - minfay, [Z]7v})
=1 =1

k k
<eY ait Y lai—|ZElrv]
=1 =1
k k
= elxllrv + ) lai = ||Zillzv] (Z a; = ||X||Tv> : (96)
i=1

=1

Then, we have that

k
w (X 2) < €llxllpy + Z / x(dt) — Hi(HTV / z(dt) (see the second line of (90))

= 12| 7y,
k k
~ ~ x| . . .
<elxllzy + /X(dt)—x(dt) + 3 il |1 - ”E”;Z (triangle inequality)
i=1 i=1

ie
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~ ~

+ |||§HTV - HXHTV‘ (==

~—

T.)

k
— el + Y| [ nat

=1 Tie

~

2 ([Ibll + 16%]12) 8" (see (91))

k
< el + 30| [ b

=1 Ti,e

< elixllpy +2 (IBlly + 16%12) 8" + 2 ([blly + 1[6°]]2) 6. (see Lemma 17) (97)

Substituting the above bound back into (90), we find that

daw (X, T) < 6 (|[bll2 + [[B°]12) 8" + ellxlrv- (98)

Then combining (89) and (98) yields

dow (x, ) < dgw (2,T) + dow (7, 2)

2b
226 (bl + 18%12) & + el

which completes the proof of Lemma 18.
Appendix E. Proof of Proposition 19

Without loss of generality and for better clarity, suppose that T' = {ti}le is an increasing sequence.
Consider a positive scalar p such that p < e < A/2. Consider also an increasing sequence {7;}/*, C I = [0, 1]
such that 7 = 0, 7, = 1, and every T} , contains an even and nonzero number of the remaining points. Let
us define the polynomial

—F@) o) - dm(t)
—F(n)  ¢1(n) -+ dm(m1)
¢t =| F(m) ¢ilr) - dnlr)|, tel (99)

CF(rn) 61(mm) - Gm(rm)

Note that ¢°(t) = 0 when t € {7 }2,. By assumption, {F'} U {¢;}7", form a T*-system on I. Therefore,
invoking the first part of Definition 9, we find that ¢” is non-negative on TC We represent this polynomial
with ¢” = =7 F + 327" (=1) 87¢; and note that 57 = |¢;(m:)[I"—;. By assurnptlon also {¢;}72, form a
T-system on I and therefore 8 > 0. This observation allows us to form the normalised polynomlal

=L = F—i—Z pqu_ F+Z 1)7b76;.

Note also that the coefficients {B;’ }jefo:m) correspond to the minors in the second part of Definition 9.
Therefore, for each j € [0 : m], we have that \65 | approaches zero at the same rate, as p — 0. So for
sufficiently small pg, every b? is bounded in magnitude when p < pg; in particular, |b§ | = ©(1). This means
that for sufficiently small pg, {G” : p < po} is bounded. Therefore, we can find a subsequence {p;}; C [0, po]
such that p; — 0 and the subsequence {¢”'}; converges to the polynomial
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m
qg:=—-F+ E bj¢j.
j=1

Note that b; # 0 for every j € [m]; in particular, |b;| = ©(1). Hence the polynomial Z;nzl b;¢; is nontrivial,
namely does not uniformly vanish on I. (It would have sufficed to have some nonzero coefficient, say bj,,
rather than requiring all {b;}; to be nonzero. However that would have made the statement of Definition 9
more cumbersome.) Lastly observe that ¢ is non-negative on I and vanishes on T (as well as on the boundary
of I). This completes the proof of Proposition 19.

Appendix F. Proof of Proposition 21

In this proof, we will use the following result for strictly diagonally dominant matrices from [43]:

Lemma 28. If A is a strictly diagonally dominant matriz with positive entries on the main diagonal and
negative entries otherwise, then A is invertible and A~ has non-negative entries.

Proof of Proposition 21. Let & be a solution of (4) and h = x — Z. Then, with ¢;(t) = ¢(t — s;) for some j,
by reverse triangle inequality we have

1/2 1/2

(¢5(t)h(dt) + 6;)°

i y(sj) — [ ¢;(t)&(de)
j=1 0/

—

]:
1/2 1/2

CHOLICH)E B P >

j=1

NE

<.
Il
—

1/2

(¢5(B)h(dD)* | =4,

NE

<.
Il
_

and so

1

i /¢j(t)h(dt) <46 = /c;ﬁj(t)h(dt) <26, Vje[m)]. (101)

=1 \0 0
We apply the reverse triangle inequality again to find a lower bound of the left-hand side term in (101):

1

/(bj(t)h(dt) /¢j dt _a1¢j( i) (102&)

0

-3 / 63 (D)2(dt) — ar; (1) (102b)

l#1 Th..

- / 6; (H)2(dt)] . (102c)
Te
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We now need to lower bound the term in (102a) and upper bound the terms in (102b), (102c). For the first
one, we obtain:

/ 63 (B)3(dt) — sy (8 / 85(02(dt) ~ i) + 65(t) [ o) = g5(t) [ 2

Ti,e Tie

> 16501 | [ 2(dt) - a| - / 16;(8) — &5 (t)| £(dt)

Tie

/o
> [¢;(t:)| /i‘dt —a L/\t—tim(dt)
S

T;,e

> 16, () )—ai - Le [ afa) (103)

Tie

Therefore, from (103), we obtain:

/ 85(D2(d0) = aic (1) = 16,5 ~ Lellrv. (104)

/ Z(dt) — a;

Tie

For the term (102b), we have:

/ by (D)) — (1) / 6,(003(dt) — ais; (1) + o5(t0) [ a(de) — o5t [

Tl,e Tl,e

<o) | [ #(dt) — ar| + / 165(t) — 5(t)] (t)

< |o;(t2)]

I
<16 ()] /g:«dt o —|—L/|t—tl|:%(dt)
[

(dt) — o +Le/i:(dt),

Ti,e Ti,e

SO

/ QZSJ .@ dt 7al¢)J tl

Ty,e

< Z (¢g t)

l#1

/ Z(dt) — a

) +LeZ/ (dt). (105)

l#1 l;élTl

Finally, for the term (102c), we have:

/¢J #(d)

<max|¢7 \/ (dt) < ¢ (2“}”2 ) (106)
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Let us denote

Z; = / i’(dt) — Q;|,

Ti,s

for all i € [k]. Then, by combining (102) with the bounds (103), (105) and (106), we obtain the j-th row of
a linear system:

25z\¢j(ti)|sze/ B(dt) = i) 2 — LEZ/ (dt) ¢>°°2”b”2. (107)

l#1 l#1 Tie

By using (107) along with
/ (dt) +Z/ (dt) :/ (dt) < /a:«(dt)z Izllzy,
Tie liZTl T. I

we obtain:

2(1+f§§@>6+IMMTV>MJ =Y 8t 2 (108)
l#1

Now, for all i, we select the j = I(7), the index corresponding to the closest sample as defined in Definition 1.
The inequalities in (108) can be written as

Az <, (109)
where A, z and v are defined as
Wil e P 1
A 2 31 2:2 2 k  z= 2:2 ’ U:(2(1+%)5+6L”§3TV> :
el ol o) 2 i

Because A is strictly diagonally dominant, Lemma 28 holds and therefore A~! exists and has non-negative
entries, so when we multiply (109) by A~!, the sign does not change:

z < Ay, (110)
where we can bound the entries of A= [42]:

1

A oo < i 650 — oy &3 8

The proof of Proposition 21 is now complete, since (110) is equivalent to our error bound (28).
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Appendix G. Proof of Proposition 22

For the sake of simplicity, let s; be the closest sample s;(;) to the source t;, as defined in Definition 1. For
a fixed 4, assume (without loss of generality, as we will see later) that s; < t;. It follows that

‘Si—tl|=8i—t12(i—l)A—)\A, VI < 1,
lsi —ti| =ti —s; > (I —9)A+ XA, VI>i,

and so

d(|si —ti]) < d((i — DA = AA), VI <4,
o(lsi —tl) < (L =)A+AA), VI>i.
Then we have
i—1 k
S o(lsi—til) =D olsi —till)+ Y é(lsi —t])
I#i =1 I=i+1
1—1 k
<Y o= DA=XA) + D p((I—i)A+AA)
=1 I=i+1
1—1 k—1i
=D G(IA = AA) 4+ G(IA+AA). (111)
=1 =1

We now want to find upper bounds for each of the two sums in (111). We will derive the bound for the first
term, as the second one is similar. We have that

|
—

i—1

D G(IA = AA) = (A = NA) +

=1

1 %

5. SIA — AA)A, (112)

I|
)

and the sum in the previous equation is a lower Riemann sum (note that ¢ is decreasing in [0, 1])
i—1
S=" o)) (@ — i)
1=2
of ¢(z) over [A — A, (i — 1)A — MA], with partition and z} chosen as follows:
[{L‘l,l'lfl]:[ZA—AA,(Z—].)A—/\A], 122...,2'—17
x; = 1A — DA, l=2,...;i—1.

Therefore, the sum S is less than or equal to the integral:

io1 (i—1)A=XA
> (A - AA)A < / ¢(x)dz. (113)
=2 AAA

By substituting (113) into (112), we obtain
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o1 (i—1)A=XA
> G(IA = AA) < (A = AA) + X o(x)dz.
=1 AAA

We can obtain a similar upper bound for the second sum in (111) and then

(i—1)A=XA (k—i)A+AA
D d(Isi —til) < (A = AA) + G(A + AA) + % / (a)dx + % / ¢(x)dz, Vi€ [k]. (114)
I#i A—)AA A+AA

We can further upper bound the right hand side over all ¢ € [k] and this bound corresponds to the case
when the source ¢; is in the middle of the unit interval (at %) and the sources ¢1 and tp are at 0 and 1

respectively:
(i—1)A=XA (k=) A+AA 1/2-2A 1/242A
/ o(x)dx + / o(z)dx < / o(z)dx + / o(z)dx, Vie [k],
ASAA AFAA ASAA A+AA

and therefore we have

1/2-2A 1/242A
1 1
Z o(s; — t]) < P(A — AA) + d(A + NA) + A / o(x)dx + A / o(z)dz, Vi€ [k].
I#i ASAA A+AA

In order to find Ag, we solve (27) since |s; — t;| < AA implies ¢(|s; — t;]) > d(AA).
We note that if we only have three sources, then the integral terms should not be included, and if we
have four sources, then the last integral term should not be included.

Appendix H. Proof of Theorem 13

The proof of Theorem 13 involves the same ideas as Theorem 12. The differences are in the analysis
of Proposition 21. We continue this analysis from (102), where we lower bound the left-hand side term of
(101):

1

22| [osman| 2| [ 6,020~ 3 awrte) (1150)
0 T . re[k;]
- /%‘(t)ﬁ(dt)— > awd;(t) (115b)
I#i T r€ k]
- / ¢;()2(dt)|, (115c¢)
TC

where, in each term, the sum from = 1 to k; is over all the true sources in T; . (for all 7 € [k]). In order
to obtain bounds for the terms (115a) and (115b), we need the following fact:

k; k.
3¢; € [argmin ¢;(t;,), argmax ¢;(t;,)] such that ¢;(&) Z Qi = Z arp®;(tir), Vrelk]. (116)
relkq) re€lki] r=1 r=1
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This comes from the continuity of ¢; and intermediate value theorem, since:

ktv

: ir®Pj tir
ZT:I}? ¢7( ) S maxd)j(tir)-

Zr;l [£27 k
We proceed as before to find a lower bound for (115a) and an upper bound for (115b), while the upper
bound for (115¢) is the same. For (115a):

mkin ¢j (tir) S

ki
[ i03@) =S aostein| =| [ oswracan - o566 Zaw
T =1 7.

k;
= | [ 0s0atat) = 6,060 > i+ 056) [ atat) ~ o566 [ atan
T . r=1

Tiyg Ti,s

ki
> (65 ()] /rfz(dwfzaw /|¢J — 6;(€)] ()
r=1
ki
> 16,(&)] / B =Y an| - 1 / 1t — & a(de)
r=1 Ti&

ki
> 105(601| [ () = D au| - L2k - Ve [ o),

* r=1
T; e T;,e

where the width of Ti’e is at most 2k;e and §&; € Ti,e is chosen according to (116), so the distance |t — &;| for
t € T;. is at most (2k; — 1)e. For the second term (115b):

Ty,e Ty,

ky
= / &;(O)2(dt) — ¢;(&) Y @ + 6;(&) / &(dt) — ¢;(&) / &(dt)
Tie
ki
<lo;&)I| [ &(dt) = ) aw |¢5(t) — ¢5(&)[ 2(dt)
! / ; ! / !

ki
<losw)l| [ a0 =Y a|+1 [ 1i-glaa

Tl,e Tl,e

ki
< lo;(t)] /i’(dt)fZazr +L(2kl—1)e/§:(dt)

Tl,e Tl,e

SO
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k‘[ kl
3 / 6030 — 3 i) < 3 | 16560 / wd) = a| |+ Le 2k - 1) / #(db).
r=1 r=1

1#1 Tl,e l#1 Tl,e 1#1 Tl,e

Let

* r=1

and we obtain an inequality as before:

2(1+ @) 5 2k — el ey > 16561 5 — S I65(@)] 21
l#1

where we obtained the second constant as follows:

Le(2ki—1)/fc(dt)—i—LeZ(Qk:l—l)/:ﬁ(dt)

K [

Ti e T,

k

k
=Le) (2k —1) / #(dt) < Lel|2llpv Y (2k — 1) < (2k — 1) Lel|2]|7v
=1 = =1

T1,c

and, for all i € [k], we select j(i) = argmin, |s; — &;|. The linear system is

Az < b,
with:
[p1(E0)]  —[91(&2)] —[¢1(&7)] z1
- —|p2(&0)|  |p2(&2)] —|é2(&x)l R Z2
A= : : . , 2= .1,
“lopE)l ~lor(&)] 656 %
1
0o 1
b= (2 (1 4 %) 5+ (2k — 1)Le||50||TV>
1

In Appendix G we discuss what the choice of A should be so that, if |[t; — s;] < AA, the matrix A is
strictly diagonally dominant. Here, the matrix A is similar to A except that we evaluate ¢ at & — s4l,
where ; corresponds to a group of sources in Ti’e that are located within distances smaller than 2¢ and
s; is the closest sample to &;. Given that the minimum separation between &; sources is 2¢, the analysis in
Appendix G is the same, so A is strictly diagonally dominant if

|€1 — Si‘ < 2)\6, Vi € [k]

and A is chosen to satisfy (27) where we take A = 2e. For the value of A found this way, we select the
sampling locations uniformly at intervals of 2\e.
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Appendix I. Proof of Lemma 26

For real s, let us first study the Lipschitz constant of the operator that takes a non-negative measure x

2
supported on I to [} g(s—t)x(dt), where g(t) = e~ 7. To that end, consider a pair of non-negative measures
21, 29 supported on I such that ||z1]|7v = ||22||7v. Their Wasserstein distance dyy (21, 22) was defined in
(20). The dual of Program (20) is in fact (see, for example [44], Chapter 5)

mgx{/w(t)(zl — 22)(dt) : w is 1-Lipschitz}, (117)

where the supremum is over all (measurable) functions w : I — R. Consider the particular choice of
w(t) = a-g(s—t) for positive a to be set shortly. Let us see if this choice of w is feasible for Program (117).
For tq,t5 € I, we write that

w(t1) —w(tz) = a(g(s —t1) — g(s — t2))

ta

:a/g’(s—t) dt

t1

<a max |¢'(t)] - |ta — t1]

te[—1,1]
a [2
= —\/= [ta — t1
oVe
= |t2 — t1, (118)
where we set a = "TQS in the last line above, for small enough o (specifically, for o < /2). Therefore, with

this choice of a, the function w specified above is feasible for Program (117). From this observation and the
strong duality between Programs (20) and (117), it follows that

o 226 / g(s — 1) (21 (dt) — 22(db)) < duw (21, 22). (119)

Combined with the other direction, we find that

ov/2e
2

/g(s —t)(2z1(dt) — 2o(dt))| < dw (21, 22), (120)
T

namely that the map z — [, g(s — t)z(dt) is (2/0+v/2e)-Lipschitz with respect to the Wasserstein distance.

It is easy to extend the above conclusion to the generalised Wasserstein distance. Consider a pair of
non-negative measures xi,rs supported on I, and a pair of non-negative measures 21, z2 on I such that
llz1ll7v = ||22]|7v. Then, using the triangle inequality, we write that

/ 9(s — 1) (e (df) — za(dt))

I

< / o5 — ) (A1) — 21 ()| + / o5 — B)(z1(dt) — z5(dt))

I
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+/m&%wmm—mmm

1

/ z1(dt) — 2z (dt)| + / (s —t)(21(dt) — z2(dt)) /|Z2 (dt) — zo(de)| (g(t) <1)

I I

= [lz1 — 21l7v + /9(8 — t)(21(dt) — z2(dt))| + |22 — z2|lTv
I

2
<||lxz1 —z + ——dw(z1,22) + ||z2 — x2|| TV see (120
>~ H 1 1||TV /_26 W( 1 2) H 2 2||T ( ( ))
< —Qh (llz1 = 21llrv w( ) + |22 — 22fl7v) (f o< —2 > (121)
T z + dw(z1,22) + ||z T or o < .
< % 1 1T 1522 2 2|7V e

The choice of 21,29 above was arbitrary and therefore, recalling the definition of dgw in (19), we find
that

/ﬁ@gﬁﬂxd&)fxﬂd» < 2 _dew(a1, ), (122)

I

2
ov/2e

namely the map z — [, g( ;9(s—t)x(dt) is a }—Lipschitz operator. It immediately follows that the operator

® that was formed using the sampling points S = {s;}72; in (3) is 3\/\/?—6—Lipschitz. This completes the proof

of Lemma 26.

Appendix J. Proof of Lemma 23

Following the definition of T*-systems in Definition 9, consider an increasing sequence {7;}j", C I such
that 7o = 0, 7,, = 1, and except one more point (say 7;), the rest of points belong to 7}, the p-neighbourhood
of the support T’ C int(I).

We also select the subset of samples S of size 2k + 2 that is closest to the support T (in Hausdorff
distance), so without loss of generality, we set m = 2k + 2. With this assumption, the setup in Definition 9
forces that every neighbourhood T; , contain exactly two points, say t; and ¢; , := t; + p to simplify the
presentation. Then the determinant in part 1 of Definition 9 can be written as

F(0) g(s1) 2k g (5m)
F(ty) g(ti—s1) - g(ti—sm)
F(ti,) gtip—s1) - g(tip—5m)
MP=| F(r) gm—s) - a(n—sm)
Flt)  alti—s1) -~ g(r—sm)
F (tk,p) g (tk,p - 31) e g (tlc,p - Sm)
F() g(=s1) - g(l—=sm)
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Jo g(s1)
0 g(ty —s1)
0 g(tiy,—s1)

0 gty — s1)
0 g (tk,p - 51)
1 g(1—s1)

g (sm)

g (tl - Sm)
g (tl,p - Sm)
g (11— 8m)
g(T—5m)
g (tkm - sm)
g(1—sm)

(evaluating F'(t) as in (44))

(123)

We will now need the following lemma in order to simplify the determinant above. The result is proved in

Appendix L.

Lemma 29. Let A, B € R™*™ with m > 2 and det(A) > 0. If 0 < e < m, then

det(A) (1 -

17§/Emep(A_1B)) < det(A+eB) < det(A) (1 + 178—\/Emep(A_1B)) ,

where p(X) is the spectral radius of the matriz X . In particular, for the stated choice of e,

G

det(A) (

5 ) < det(A+ eB) < det(A) (1 + —) .

Ve
2

As p — 0, note that g(t; , — s;) = g(t; —s;) + p- g’ (t; — ;) + ’J—;g”(g)7 for some £ € [t; — sj,t; — sj + p].
from the rows with g(t; , — s;), take p¥

After applying this expansion, we subtract the rows with g(¢; — s;)

outside of the determinant and we can write M* as:

M? = p¥det(My + pMp),

My is a matrix with entries independent of p and with determinant:

N = det(My) =

fo g (s1)

0 g(t1 —s1)

0 g (t1 — s1)
F(n) g(n—s)

0 glte—s)

0 g (tk—s1)

f g(1—s1)

g (sm)
g (tl - Sm)
g/ (tl - Sm)
9 (11— 5m)
g(T = 8m)
g (tk — sm)
g(1—sm)

(124)

Moreover, while the entries of Mp depend on p, the magnitude of each entry can be bounded from above
independently of p. Consequently, | Mp||F is bounded from above independently of p. Let us assume for
the moment that N > 0 and so My is invertible. Since p(My'Mp) < |My'|2||Mp| F, this implies that
p(M&lM p) is bounded from above independently of p. We can then apply the stronger result of Lemma 29

to MP” and obtain:

0< (1—pCn)pFN < MP < (1+ pCn)p"N,

(125)
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where C'y > 0 is a constant that does not depend on p. Note that we do not need write the condition on
p required by Lemma 29 explicitly because p — 0 and also that (125) applies to the minors of M” and N
along the row containing ;. That N is indeed positive (and therefore we can apply Lemma 29) is established
below By its definition in (44), F'(7;) can take two values above. Either

o F(1) =0, which happens when there exists ¢y € [k] such that 7, € T}, , namely when 7; is close to the
support 7. In this case, by applying the Laplace expansion to N, we find that

N=fo-Nia+ fi- Nms1, (126)

where Ny 1 are Np,41,1 are the corresponding minors in (124). Note that both Nq 1 and Ny,111 are
positive because the Gaussian window is extended totally positive, see Example 5 in [27]. Recalling that
fo, f1 > 0, we conclude that N is positive. Therefore, when p is sufficiently small, (124) implies that M*
is non-negative when F(7;) = 0. Or

o F(m) = f, which happens when T € TC, namely when 7; is away from the support 7. Suppose that
fo > f so that N is dominated by its first minor, namely N1.1. More precisely, by applying the Laplace
expansion to N in (124), we find that

N=fo-Nii—Ff Nui+fi-Nmiia, (127)

in which all three minors are positive because the Gaussian window is extended totally positive. Also,
note that N, 1 does not depend on 7; and recall also that fo, f, fi are all positive. Therefore N in (127)
is positive if

fo N1

CA L 128
f IIliIl71 N171 ( )

where the minimum is over 7; € TEC. The right-hand side above is well-defined because N1 1 = Ny 1(7)
is positive for every 7, € I, N1 1(7;) is a continuous function of 7, and I is compact. Indeed, Ny 1(7;) is
positive because the Gaussian window is extended totally positive. As before, N being positive implies
that M* is non-negative when p is sufficiently small, see (124).

By combining both cases above, we conclude that M? is non-negative for sufficiently small p provided that
(128) holds, thereby verifying part 1 of Definition 9. To verify part 2 of that definition, consider the minors
along the row containing 7; in M?, see (124). Starting with the first minor along this row and applying the
same arguments as before for M*, we observe, after applying Lemma 29, that

g(s1) - g (sm)
gti—s1) - g(t1—sm)
g (t1—s1) - g (t1—5m)
MPy > (1= pCia)p* : : =: (1= pCr1)p* - Nia, (129)
gty —s1) - g(ti—sm)
g (tk —s1) - g (tk — Sm)
gl —s1) - g(l—sm)

and also M, < (14 pCu1)p* - Ny1 as p — 0. Here C1 > 0 is a constant that does not depend on p.
Moreover, N;; does not depend on p and is positive because the Gaussian window is extended totally
positive. Therefore My, in (129) approaches zero at the rate ok
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Consider next the (j + 1)th minor along the row containing 7, of M” in (124), namely ij+1 with

j=1,...,m. Using the same arguments as before, we obtain after applying Lemma 29 that
fo g(s1) g(sj-1) 9(s541) g (5m)
0 g(ti—s1) g(t1 —sj—1)  g(t1 —sj41) g(t1 — sm)
0 g (t1—s1) gt —sj—1) g'(t1—sj41) g (t1 — sm)
M = (L= pCrja)® |
0 g(ty —s1) gtk —sj—1) gtk — sj+1) gtk — sm)
0 g (ty —s1) gtk —sj-1) g'(tk — 85+1) g (tk — sm)
fi g(1—s1) g1 =sj—1)  g(1—sj41) g(1—sm)
gty —s1) g(t1—sj-1)  g(t1—sj+1) gt — sm)
g (t1 — s1) g (t1—sj-1) ¢ (t1—sj41) g (t1 — sm)
= (1= pCrit1)r" fo :
g (te — s1) gtk —sj-1) gtk —sj+1) gtk — sm)
g (tx — s1) g (tk —sj-1) 9 (tk — 5541 g (tk — sm)
g(1—s1) 9(1—53'—1) 9(1_3j+1) g(1—sm)
g(s1) Q(Sj—l) 9(5j+1) g (5m)
gt —s1) g(t1—sj-1) g(t1—sj+1) gt — sm)
g’ (t1 — s1) g (t1—sj-1) ¢ (t1—sj41) g (t1 — sm)
= (L= pCrjt1)o" fr .
g (ty — s1) gtk —sj-1) gtk —sj+1) g (tk — sm)
g (tk — s1) g (tk —sj-1) g (tk —8511) g (tk — sm)

=: (1= pCpj41)p" (fo Nij+1,0 — fr - Nije1a) =t (1 — pCpjs1)p" - Nijia, (130)

and also M/, < (1+ pCyj+1)p" - Nij+1 as p — 0, provided N 1 > 0. Here, Ny j11 is the determinant
on the first line of (130) and Cj ;41 > 0 is a constant independent of p. Note that Ny ;10 and Nj 11 are
both positive because the Gaussian window is extended totally positive. To ensure N} ;41 > 0, we require

fo > f1, or more precisely, the following to hold.

ﬁ > Nijt11

. 131
Ji - N+ (131)

It then follows that M, f i1 approaches zero at the rate p* for every j, thereby verifying part 2 in Definition 9
for 7, € int(I). In conclusion, we find that {F'} U {¢;}72, form a T*-system on I with ¢;(t) = g(t — s;) =

(t=s5)?

e”«% asin (9), provided that (128) and (131) hold.

To establish that {F"}U{¢;}"; form a T*-system on I with the Gaussian window, we note that F(7)
is replaced by F'™(7;), which takes values +1 when 7; € T; . for some 4, as indicated in (45). The previous
argument, thus, goes through similarly, showing that {F7} U {¢;}}]L, is a T*-system on [ for arbitrary
sign pattern m when (128) and (131) hold and fy > 1. The extra condition fy > 1 comes from the only
difference between the two proofs, namely that, instead of (126), we have

N = fo . Nl,l +1- NLI + f1 . Nm+1)1. (132)

Therefore to ensure N > 0, we now require the following to hold.
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Nia

, 133
minn Nl,l ( )

fo>

We leave out the mostly repetitive details. Hence if (128), (131) and (133) hold, then {F"} U {¢;}}L, form
a T*-system on I with the Gaussian window. This completes the proof of Lemma 23.

Remark 1. While we do not require that f; > f, if we impose that both fo > f and f; > f, then (127)

holds for smaller %, so it is useful in practice. Similarly, from (132) we want that also f; > 1.

Remark 2. From this proof and in light of the first remark, we see that we only need to specify one end
point rather than both, so we only need m = 2k + 1. However, the dual polynomial is better in practice if
we have conditions at both end points (if we specify both fy and f1).

Appendix K. Proof of Lemma 24
Recall our assumptions that
m =2k + 2, s1 =0, Sm = Sak+2 =1, (134)
and that
[so; — ;] <m, Soi1 — So; = 1), Vi € [k]. (135)

That is, we collect two samples near each impulse in x, supported on 7. In addition, we make the following
assumptions on 1 and o:

4
c<V2, A>c log(3—|——2>, n <o’ (136)
ag
After studying Appendix E, it becomes clear that the entries of b € R™ are specified as

. MP. ) MP.
bj = lim (~1)7H gt = (1) i gt € (), (137)
11

where the numerator and the denominator are the minors {M/ j };”:ng of M? in (123) along the row contain-
ing 7;. Using the upper and lower bounds on these quantities derived earlier, we obtain:

(1= pCrjr)NL1 _ Mijer _ (L4 pCrjen)Nijn

= | € [m], 138
(1+pC)Nyy = My = (1= pCLi)Nia 7€ lml (138)
which in turn implies the following expression for b;:
Ny
bj= (- e [ml. (139)

b
Nia

Recall that N; 1, N j+1 > 0 and so, |b;| = % for j € [m]. Therefore, in order to upper bound each |b,],
we will respectively lower bound the denominator Ny 1 and upper bound the numerators Ny ;1.
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K.1. Bound on the denominator of (139)
We now find a lower bound for the first minor, namely N;; in (139). Let us conveniently assume that the

spike locations T = {t;}¥_, and the sampling points S = {s; };”:_21 are away from the boundary of interval
I =[0,1], namely

o/log(1/n?) < t; <1—o/log(1/n?),  Vie [k,
ov/log(1/n3) < s; < 1—o0+/log(1/n3), Vje[2:m—1]. (140)

In particular, (140) implies that
)
g(sj) <’ g(l—s) <n*,  je[2:m—1]. (141)

! — ] . _r
l9'(t:)] = —9(t:) < PO

where we used the fact that 0 < ¢; <1 and (141). Similarly, for the 1 —¢;, s; and 1 — s;:

2’ 21’ .
lg'(t:)] < 52 lg'(1—t)] < PoX i€ k],
2’ 2n° ,
Gl < 20, 10— < 2L, jelim1] (142

With the assumptions in (134), (135), (141), (142) and the fact that g(0) = 1, we have that the determinant
N1 in (129) is equal to

L 0 ow’) - O’)
L owh) e tims) - s OGP
NA=100010%) o gltims2) @i sasn) o O | 1
o) ow) 0w 1
where we wrote
3 3
g(t:) = O(r®) and g'(t:) = O(%) = lg(t:)| < Mun® and |g/(t:)] < M5, (144)

for ¢; within the bounds defined in (140) and some Mj, My > 0. Here, we can take M; = My = 2 and we
use the same notation for 1 —¢;, s; and 1 — s; with the same constants M; = My = 2. We then take the
Taylor expansion of g(t; — Sau+1) and ¢’ (t; — S2u41) around t; — Sa,, subtract the columns with ¢; — s9,, from
the columns where we performed the expansion, take 1* outside of the determinant and we obtain®:

Nia = 1*IC + ('), (145)

8 Note that the equality in (145) is due to the fact that soy41 — S2. = 1. If we relax this condition to (49), where Ci1n and Can
take the roles of lower and maximum upper bounds of 1, we obtain:
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where
M1 0 0 07
- O ti_. - /(ti'_ 2) 0
“=lo - s?’((ti f?zu) fﬁmi QZU) 0 (146)
_0 O 0 1_
' O(r?)  O(2n) O(?)
I _ O(;72) 0 l!f(éi,u) ... O(;72)
= ow?/on 0 gg/”( L) e OmPle?) | (147)
oW - o) 0@y - 0

for some &; 4, &}, € [ti — S2u — 1M, ti — s2,] for all i,u = 1,... k. Note that, using the notation in (144), if we
subtract a function that is O(n) with constant M; > 0 from another function that is O(n) with constant
M5 > 0, we obtain a function that is O(n) with constant M; + M, which is why we wrote O(2n) on the first
and last columns where we subtracted two functions O(n) with the same constant M; (so O(2n) implies
< 2M;n). Next, we apply Taylor expansion around t; — t,, in the terms with ¢; — s9,, in C as follows:

for some &, € [t; —tu — [ty — S2ul,ti —tu + |ty —s24]] for all 4,u = 1,... k. Note that [t, — s2,| < 1 according
to (135). By applying a similar Taylor expansion to ¢’ and g”, we can write

C=A+nA, (149)
where
it 0 0 07
oo gttt —gti—t) 0
A=10 oo glti—t) —g"ti—t) - 0 (150)
0 0 0 1]
and
o --- 0 0 e 07
, () mg/( ) 7@9//( o). ()
A= o --- @g”( ilu) _%*Tz‘%g///( ilvi) o0 (151)
0 0 0 0]

Cyn*|C + ' < Ny < Cyn*|C + ¢,

where C’ is the same as C’ in (147) but every entry multiplied by 1 or s24,4+1 — S24 € [C1m, Ca2n], so the order of its entries is the
same as in nC’ in (145). The computations in this subsection will then follow in a similar way except that we will work with the
lower bound involving C'fn’c instead of the term involving n*.
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for some &/, z*'u, f'{b € [t; — ty — |tu — S2ul,ti — tu + [ty — S24]] for all 4,u = 1,..., k. We now substitute

(149) into (145) and we obtain:
Npp =n"A+n(A +C)|. (152)

Assuming for the moment that |A| > 0 holds, we obtain via Lemma 29 the following bound:

" (1 = g) det(A) < Ny <P (1 + %) det(A) (153)

if

8
1= 300k 1 2p(A (A +C)

(154)

We look closer at the condition (154) on 7 in Section K.3. That |A| > 0 (and therefore our application of
Lemma 29 above is valid) is established below. We can in fact write A more compactly as follows. For scalar
t, let

€ R?*2, (155)

which allows us to rewrite A as

1 01><2k 0
A= |03kx1 B 0Ogx1 | €eR™™, (156)
0 01><2k 1

H(0) H(ty —t2) H(ty —t3) --- H(t1 —tg)
B H(tgz— t1) H(0) H(ty —t3) -+ H(ta —tx) e a57)
H(tk._ t1) H(tp —t2) H(tp —t3) - H(0)
where 0, is the matrix of zeros of size a x b. It follows from (156) that |A| = | B| by Laplace expansion of

|A]. In particular, the eigenvalues of A are: 1,1 and the eigenvalues of B. Let us note that B is a symmetric
matrix,” since H(—t) = H(t)T; hence, A is also symmetric. We now proceed to lower bound | B|, the details
of which are given in Appendix M. The main observation is that H(0) is a diagonal matrix while the entries
of H(t; —t;) for i # j decay with the separation of sources A.

Lemma 30. Let 0 < \/5, A > o4/log (3 + %) and
A
1 2 2e” o2
0< Fmin(A,—>:1—(1+—2>67A2 < 1.
g S
Then, for each i =1,...,2k, it holds that

Ai(B) > Fain (A, —) .

g

7 Indeed, g, g"" are even functions and g’ is an odd function.
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Since |A| = |B|, we obtain via Lemma 30 that |A] > Fiin (A, %)Zk > 0. Using this in (153), leads to the
following bound:

1 2k
Npg > <1 — %) Foin (A, ;> ) (158)

K.2. Bound on the numerator of (139)

Since (125) holds for all the minors M/’; and Ny j, let us now upper bound the Ny ; for j = 2,...,m+1in
the numerator of (139). Note that we distinguish two cases: j € {3,...,m} and j € {2, m + 1}. To simplify
the presentation for the first case, suppose, for example, that j = 3. Using the assumptions in (134), (135),
(141), (142) and the fact that g(0) = 1,

fo 1 O(n?) on?) on?) on?)
o 0P gtti—ss) o glti—sa)  g(ti—sas1) - O(P
Nis = 0 Om/o?) g (t; — Si) o g (= sau) gt — 527;1) 0P| (159)
LoooGP) o) - o) ot - 1

We now expand g(t; — s24+1) around g(t; — S2,,), subtract the columns and take 7 out of the determinant
as before®:

fo 1 O(n*) O(n*) O(2n?) O(n*)
_ 0 0) 3 tl—S ti_su _Igi,u 0 3 . — \
M=t 0 0Grot) ) e ) e oG] = ),
fi O@m?) O(n*) O(n*) O(2n?) 1

(160)

where &; 4, le‘,u € [t; — $2u, — M, t; — S2,] and denote the matrix in (160) by N3. Note the ¥~ since we only
perform column operations on k — 1 columns and det(N3) > 0 (due to the choice of f; and f;). Next let
C € R™*3 consist of the first, second, and last columns of N3 and D € R™*(m=3) consist of the rest of the
columns of N3. Then, we may write that

det([CD))? = ({g} [CD]> — det <[gg gig]) < det(C*C) det(D* D), (161)

where we note that swapping columns only changes the sign in a determinant (here, det([C'D]) = — det(N3))
and in the last inequality we applied Fischer’s inequality (see, for example, Theorem 7.8.3 in [45]), which
works because the matrix [C'D]*[C'D] is Hermitian positive definite. Therefore, we have that

8 Similarly to the issue addressed in footnote 6, if instead of Sou+41 — S2u = n we have (49), then:

CY 0" det(N3) < Nys < CF 0! det(N3),

and then the proof will continue in a similar way except that we work with the upper bound of N; 3 above and some of the
calculations will involve C; and Cs3 as well.
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det(N3) = | det([CD])| < det(C*C)? det(D*D)?,
and it suffices to bound the determinants on the right-hand side above.

K.2.1. Bounding det(C*C)
We now write C' as follows:

[fo 1 07 [0

e}
S
—~
T3
w
~
]

= X+ 7,

noo 1] Lo oup) 0

where we denote the first matrix by X and the second matrix by Z. We have that
det(C*C) = det((X + Z)" (X + Z)) = det(X* X + Z'),

with Z' = X*Z + Z*X + Z*Z and we apply Weyl’s inequality to C*C to obtain:

det(C*C) < (M (X*X) + Amax(Z') Q2 (X*X) + Amax(Z) A3 (X*X) + Amax(Z')).

Then
X*X = fg}:)f% Jio J;l] with  A3(X*X) =0,
bil 0 1

and

IX*X||r < C(fo, f1),  where  C(fo, /1) = f§ + 7 +2fo + 21 + 2,
S0

1X13 = 1X* X[l2 < |X*X|[r < C(fo, 1) so [ X[l2 =/C(fo, 1)
and

|2 = |X*Z + Z°X + 2* 2],
< 20X allZ ]l + |1 Z]2 = (2\/5‘(fo,f1) ; |Z||2) 12112

< 31/C(fo, I Z]2,

where the last inequality holds if

1Zl2 < \/C(fo, f1)-

(162)

(163)

(164)

(165)

(166)

(167)

(168)

(169)

(170)

Noting that Z’ is symmetric and Amax(Z’) < ||Z’||2, we substitute (166) and (169) into (165) and obtain:
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2
det(C*C) < (C(f07f1)+3 C(f07f1)|Z||2> 3y C(fo, DI Z]l2, (171)

if (170) holds. Further applying (170) in the parentheses, we obtain:
det(C*C) < 48C(fo, f1)* |1 Z]l2- (172)

Now, using (144) with M; = My = 2, we are able to upper bound ||ZHF, which is also an upper bound for
1Z]]2:

23

2
1Z12 < 1211 < ¢ 2+ 2) ()2 + 20 (25
23 4k
< (2k +2)20° + 2k =1 <4k+4+ —2). (173)
o o
Therefore, to satisfy (170), it is sufficient to find 7 such that:
4k -
UK <4k+4+ ;) <\ Cfo, f1)- (174)
With this choice of 7, by substituting (173) into (172), we obtain:
* 2 5 4k 3
det(C*C) < 48C(fo, f1)2 |4k +4+ — | n°. (175)
o

Note that all our calculations so far will be used for bounding ||b||2. In case of ||b™||2, everything is the
same except that we have:

XiX, = fo 1 0

fi 0 1

2+ 42k fo fll
, (176)

which does not have a zero eigenvalue, so we will not obtain the n* factor. We omit the calculations, but
we obtain:

det(C*Cy) < 64 (C(fo, f1) + 2k)° (177)
with a condition on 7 that is weaker than (174).

K.2.2. Bounding det(D*D)

Then, since D*D is Hermitian positive definite, we can apply Hadamard’s inequality (Theorem 7.8.1 in
[45]) to bound its determinant by the product of its main diagonal entries (i.e. the squared 2-norms of the
columns of D), so we obtain, after we use (144) with M; = My = 2:

k k
det(D*D) < (8776 + Zg(ti —53)% + Zg’(ti — 53)2>
i=1 i=1
k

k k
: H (8776 + Zg(ti — s9u)” + Zg/(ti - 52u)2>

u=2 i=1

k k k
(32n4 +) g (&) + Zg"(f;,u>2> , (178)

u=2 i=1 =1
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where gi,’lﬂ 57/711 S [tl — 824 — 1], ti - Stu]-
For fixed v € {1,...,k}, we may write that

- - = > 2,2
Dot —sou)? <2 gliA) <2 glid) =23 e
= =0 =0 i=0
gi(e_%)i:%' (179)
i=0

1—e o7

To see the first inequality above, if we note that sg, <, < S2,41, we have that

g(tu—1 — s24) < g(0), g(tu — 524) < 9(0),
g(tu—2 — s20) < g(A),  g(tur1 — s20) < g(AD),

and by adding the inequalities we obtain (179). Likewise, it holds that

2 4\’ 2
Zg”(ti — 82u)2 < <—2 + —> T (180)

and, for &, &, ., € [ti — s2u — M, t; — S2u]:

2 4\’ 2
e = (1s1)
Note that we obtained (181) in the same way as (179):

g<§u,u) < g<0) g(ﬁufl,u> < g
9(ur1u) < 9(A)  g(€u—2u) < g(A)
g(£u+2,u) S 9(2A) g(fufS,u) S g

Lastly, the above bounds also hold if we have g(t; — s2,,+1) instead of g(¢; — s2,,). Substituting these bounds
back into (178) and using (144) with M; = My = 2, we obtain:

4 2
8nd 14+ =) —=
77+<+U4)16%‘|

k 4 2
H 877 + 4 A2
s l—e o

det(D*D) <
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k 2
4 2 4 2
. 32n* — — S
k 9 k—1
<8+1—i—4 2 32 + 4—|— 2+4 2
- ot 1—6_%2_ ot o? ot 1—6_%
1\ F 1\ 1
where
1 4 2
F1<A, ):8+<1+ 4>
g 1—e -7
1 1 2 2 16
A =32 —t — 4+ = | —. 183
() (20 2) 2 .

Note that the bound (182) on det(D*D) is the same for all j = 3,...,m. Combining (175) with (182) in
(160), we obtain:

frd N ak\ 2 1\? 1\ 7
N <7 2C(fo, f1)? (dk+4+— ) Fi(A —) B (A~ (184)
for 5 =3,...,m if (174) holds.

Finally, we need to upper bound IV;; for j = 2 and j = m + 1. For simplicity, consider j = 2. Applying
the same assumptions and operations as in (160), we have

fo oM@ .- O(n*) O(2n?) O(n*)
_ 0 glti—s2) - glti—so) —9(&w) - O
Niz=1l g g ) gl ) —g'E) - O(e?)| (185)
A0 - O(n*) O(2n?) 1

where & , &, € [ti — S2u — 0, ti — S24]. We bound N 2 by using Hadamard’s inequality (the more general
version, see [46]) and, after we use (144) with M; = My = 2, we obtain:

1
67 2
Nio <nf\/f2 + f} {1 +4(k+1)n° + 4k%}

E E k 2
: H 81° + Zg(ti — s2u)” + Zg/(ti - 52u)2‘|
u=1 i=1 i=1
k k k 2
1 1320t + > g G+ g”(@-,ﬂ : (186)
u=1 =1 =1
and, by applying the bounds on the sums and n < 1, we obtain:
4k ® 1) 1) 2
Nio <\ f3 + 17 <4k+5+ﬁ> Fy <A, ;) F> (A,—> ; (187)
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for Fy and F, defined as in (183), and note that the same bound also holds for Ny ,41.
To conclude, from (184) and (187), we can derive a general bound valid for all j:

" N 4K\ 1\"
Nig <" Cfo, f1)2 (4k+5+ 7 | Finax ( A, (188)

forall j =2,...,m+ 1 if (174) holds, where

1 1
1 4 2 : 12 2 16 :
Frax (A, —) = <8 + <1 + > —AQ) (32 + <—4 + =5+ —8> —AQ> . (189)
g 1—e o2 g g 0°) 1—e o2
K.3. Condition on n

We now return to the condition (154) that i must satisfy so that our application of Lemma 29 is valid.
Since A is positive definite, we have ||[A7!||3 < 1/Amin(A). Using this, we obtain:

1
MAAUV+UD§HA4@V+CNESHAAMW4+Cﬂ2§XfT@~W4+CWR (190)
and
[0 - O(n?) O(2n) e 0m) T
0('772) m:q/( * ) _mg//( *;) 1 //(&u) 0(.772)
A+ = . o _n ; , (191
OU[o?) - bemmg(El) —bebgn(n) + hge) o oufen)| 1Y
L om?) - O(n?) O(2n) e 0
where
iu7€¢l‘u€ [ti — 820 — Myt — S2u],
fz u7€z u?f*” € [ti — tu — [tu — s2ul, ti — tu + [t — S24]], (192)

forall i,u=1,... k.

Because the eigenvalues of A are 1,1 and the eigenvalues of B and Apin(B) > Fumin(A, 0_) with 0 <
Fin(4, %) < 1, then we have that Apin(A) > Fuin (A, ;) Moreover, after applying (144) with M =
My = 2, we have that:

4
A"+ C'||% < 8(k + 1)n* + 8/4:17—4 (from the first and last columns)
g

+ 8kn* 4 32kn? (from the first and last rows)

k
+ Z + D ")
iu=1 i,u=1
Ty — S2u 2 k ty — S2 1 ’
Py ( 6 + 506 )+ 3 (<R e + a6 )
i,u=1 vu=l

(193)
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We upper bound this using the inequalities in (181) and, similarly, for ¢":

k

2
12 8 2
ng(gi,u)2 < (F + F) . 1—27

_A
i=1 e o2

(194)

and note that these inequalities hold for all numbers £ in (192). By expanding the parentheses and applying

Cauchy-Schwartz to the products, and using that |t, — s2,| < 7, we obtain:

4
1A'+ C'||% < 8(2k + 1)y + 32kn’ + 8k
ag

4 2 2 4\? 2
+k'_4'7Az+k‘<—z+_4) ey
0% 1—e 02 g g 1—e o2

L <3+i>2 2

4 o2 gt 1_6—%;
+%.(9+§>2 2

4 ot b 1_6—%;

(195)

Using the assumption that < o2 to write Z—i < ¢*, and then by applying 7 < 1 and ¢ < /2, we can write

1 2
|A" + C'||% < 80k + 8 + kP (—) .

A
) 1—e o7

where P (1) is a polynomial in 2 defined as follows:

p(1)_4 .1 2+42+9 12+82
o) ot 4 \o?2 ot 4\t o6)
Inserting the above observations in the condition (154), we finally obtain

8Fmin(A7 %)

n< T
34(2k + 2) (soz: L84 kP (L) —2g )
l—e o2
With this choice of 7, the condition (154) is satisfied.
K.4. Bound for (137)
Combining the results from K.1 and K.2, we arrive at
Ny
bi| = =22 see (139
bl = 2 (see (139))
_ 5 1 k
C(fo, f1)s (4 +5+ )2 | Foa (AL
< U0 fy) ( t) ( “)2 ., (sce (188) and (158))
1=y Fnin (8, 5)
_ 3 k
(C(f07f1)+2k)2 Fmax (A,%)

and [b]] <

Fmin (A7 %)2

(%)

(196)

(197)

(198)

(199)

(200)
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for every j € [m], provided that the conditions (174) and (198) hold. Consequently,

(2k +2) (4k +5 + &) ; F
< \/ Eﬁ )C(f07f1)4F(A7i> ) (201)
5 k
1- %) 4

where we write F (A, %) = % if, o < /2 and A > o/log (3 + %) and the conditions (174) and

(198) hold. This completes the proof of Lemma 24 since m = 2k + 2 by assumption.
Appendix L. Proof of Lemma 29
To begin with, let us note that
det(A + eB) = det(A) det(I + €A™ B)
We will now upper and lower bound the second term in this equality. Denoting C'= A~ B, consider

logdet(I + eC) = Zlog (14 eX(C)) —l—Zlog(l+26Re()\i(0))+62|)\i(0)|2),
i€ER i€l

where

R ={i € [m]: Im(\(C)) =0} and
I={ie[m]:\,(C),\,(C) are complex conjugate and Im()\;, (C)) # 0}.

1. Forie R, if e < m, use apply Taylor expansion for log(1 + z) and obtain:

log(1 + €A (C)) = eX(C) — < 2)\1-2(0)7 where & . € [1 — €|\(C)], 1+ €A (C)]] . (203)

i€

2. For i € C, we apply the same Taylor expansion and, writing y = 2¢ Re(\;(C)) + €2|\;(C)|?, for |y| < 1
we obtain:

y
log(1+y) = o where &; « € [1 —[y|, 1+ |yl].

Then, we have that
26| Mi(C)] + N (C)? < 4e|\i(C)] < 1,

where the first inequality is true if € < 5 (20)‘ and the second inequality is true if € < m. From the

condition on &; . and noting that | Re(A\;(C))| < |A;(C)], we have that

e ST+ S1H4M(C)] and &= 1—y| = 1—4e(C)] = =, (204)

DN | =

where the last inequality holds if € < m Therefore, 7~ < 2 if € <

1
€ie 8lAs (C)”
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We now use (203), (204) and e < m Let € < m for all eigenvalues A;(C), then:

(26 Re(Ni(C)) + E[N(O)?) (205)

logdet(I +eC) = Z Z

iI€ER i€ER

f

and, by using that & > 1—¢[X\(C)| > % fori € R and z— < 2 for i € C and the fact that the index i € I

accounts for two eigenvalues, we obtain:

32
[logdet( + €C)| < € > [M(C)| + GZ\)\ P +4e> X (O) +22 D ni(C

i€ER i€ER el el

<262\/\ \+eQZ|A

< mep(C)(2 + €p(C))

(206)

where the second last inequality holds if € < ¢ (C) and the last inequality holds if € < m, which is
also the dominating condition for € in the proof if m > 2.

Now, note that for |z| < i, we have that e® = 1 + ze® for some ¢ € [—|z|,|z|] C [-1,1] by Taylor
expansion, and by taking x = logdet(I + €C), we obtain:

17/

det(I +eC)=¢€" <1+ |x\e% <1+ Tmep(C’) <1+

o[

and similarly

17,/

det(I+eC)=e">1— |:r\e% >1-— Tmep(C) >1-

o[,

From the last two inequalities, by multiplying by det(A), we obtain the result of our lemma.
Appendix M. Proof of Lemma 30

Recalling the definition of B in (157), we apply Gershgorin disc theorem to find the discs D(aii, 3, aij)
which contain the eigenvalues of B. Due to the structure of H, we consider two cases:

1. On odd rows, the centre of the disc is aoqq;; = ¢(0) = 1 and the radius is

Road; —Z\g t)l+1—g'(ti — ;)] (207a)
Jsﬁz
k
=Y glti—t;) (1+2|t—;tj|) for i=1,....k (207b)
g
=1

‘7,: .
J#i



274 A. Eftekhari et al. / Appl. Comput. Harmon. Anal. 50 (2021) 216-280

2. On even rows, the centre of the disc is @even,;, = —¢”(0) = % and the radius is

k
Reven; = Z |g/(ti - tj)| + | - g/,(ti - t]')| (208&}
=1
=
k
2/t — ] 2 At —t;)? _
:Zlg(ti*tj) ((72+|02+04 ) for i=1,... k. (208b)
J:
J#i

Since the eigenvalues of B are real, they are lower bounded by

. 2
min 1— Rygqq, oOr min_ — — Reyen,- (209)
i=1,...k i=1,..k O

Because |t; — t;| < 1, we have that

k
2
1 — Rodq, > 1— (1 + U2> > gt —t;) (210)
=1
i
Since 4(t;—4t’)2 -%> 4(5 — 2 > 0 due to our assumptions on o (see (136)), we obtain
2 2 4
E_Reveni > E_F;g(ti_t]’)v (211)
i

k k
D gt —t;) < glli—lA) (212a)
j=1 j=1
J#i j#i
00 ) 2a2 0o a2
<23 a8 =23 <23 () 120
Jj=1 Jj=1 j=1
A2
2" 0%
=27 fori=1,....k (212¢)
1—e 0%
2
The sum of the series is valid because e~ = < 1. Combining this with (210) and (211), we obtain:

A2
2 2e” o7
1 - Roaq, > 1 (1 + 2) = (213a)
0% 1—e 0%
A2
2 2 4 2e %
o Reven- Z o T 1 ’ 213b
o2 i o2 ok 1— e_%; ( )

for all = 1,..., k. By using the assumption that A > o/log (3 + %), we can check that the lower bound

in (213a) is greater than zero, and by also using that o < \/5, we can check that it is smaller than the lower
bound in (213b).
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Reyen,) fori =1
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To conclude, since all the eigenvalues of the matrix B are real and in the union of the discs D(1, Roqq,)
obtain a lower bound of all the eigenvalues of B

k, then, by using the above observation and the lower bound in (213a), we

o2

A2
2\ 2 o7
)\j(B)Zl—(l—i— )ei

> Vi=1,...,2k.
1—e o2

Note that we may be able to obtain better bounds given by (213b) for k eigenvalues if we scale the Gershgorin
discs so that D(1, Rodq;) and D(1, Reven,;) become disjoint

(214)
Appendix N. Proof of Lemma 25
Because A > o4/log >

o2

we have that

which implies that

2 2
e 0T < % (215)
1 5
1 e—% < 5— o2 (216)
_a2 N
Then, —-2¢ FA‘E > — 5=, S0
l—e o
a2 9
2 2e % 1—-30
1-— (1 + —2) =
97 1 —e %2
Similarly, we have that

1 1— 302
) ie. Fmin A7_ >
5—02 e ( a) 5—02

. (217)
4 2
8+ (1 + —4>
(o 1—
and

—80% + 500% + 40
A2 <
e o2

98
< 218
o4(5 —o?) o4(5 —o?) (218)
39 4 1 + 2 + 2 16 —32010% 4 1600® + 800t + 16002 + 160 592 (219)
ot 0% o8 ) _ % a8(5 —02) o8(5 —02)’
where in the last two inequalities we used o < 1. Combining (217), (218) and (219), we obtain (57)
1
Finax ( _) C1
o < . (220)
Fain (A, %)2 (1-302)?
_ 5 3 = 3
Then, using that f < 1 and that f4 < (© ; )2 ,(C + 2k)% % we have that:
2,/ s 6 2k + 2 C +2k)2
(6+ =)\ /4k +5 + C% ~(C+2k)2 +2_ 02k
f 1 1

0-2
< Co

(C+f2k:)5 T \/8k+ 541

(c<1)
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O+ 2k)% K

<O 2R ko (221)
fooomo?

for a large enough constant ¢z and, from (220) and (221), we obtain (58). Similarly we show that (59) holds:

V@k+2) (4k+5+ %) 6 1)

i B V(k + 1)(4ko* + 50% + 4k) C3
Cs —_—
1 e f o f
k+1)(8k+5) Ci
<cs- ( )2( ); (o <1)
o f
k Ct
< o5 — (222)
To show that (50) is satisfied if (13) holds, from (216) and (217), we have that:
8Fmin(A, 1) - 8(1 — 302)
1 1
2 10kP(1)\ 2
34(2k + 2) (80k +8+kP (1) —25 ) 34(5 — 0?)(2k + 2) (80k +8+ 5_552“))
l—e o
B 8(1 — 302?)
34(2k + 2) (80K + 8)(5 — 02)2 + 10(5 — 02)kP (1))?
8(1 — 302
> ( ) . (5—0% < 5)
34(2k + 2) (2000k + 200 + 50kP (£))*
8(1 — 302)0" 1
: oozt () <)
34(2k + 2) (2000ko 12 4 200012 4 c3k)> g g
1— 2\ .6
> 8A=307)" <
34(2k + 2) (esk + 200)2
6 1—-3 2
>C3'U( 03-)7 (223)
(k+1)2
and similarly:
ot Clod Cod Chod
T = T > T >4 T (224)
(4k +4 4 4)5  (dko® 4402 +4k)7  (8k+4)3 (k+1)3
for some constants cs, ¢4. Finally, from (215) and (216), we also obtain:
ef% + efLAT2 ot 1 16
crT e 7 2,2y _ - 2 295
| — o= <<a+5>5—a2<210’ (225)
where, in the last inequality, we used o < %

. Furthermore, if A < %, then 1 — 2\ > é and

_a2a-2n o2\ 1 1
e o2 < ? < 151—_2)\ < ﬁ, (226)
so we can combine the last two inequalities to obtain:
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67%2 + 3720%2 A2(1-2x) 16 1 1
_ - - T T = -
1 R~ e > 1= o~ s (227)
24,2
Finally, to bound e" , note from the definition of X\ and 7 that AA < I, and from the assumption that
n< o2, we obtain that:
2,2 2
e <ein? < el < s, (228)

where we used that o < 1. Combining the last two inequalities, we obtain that (62) holds for some constant
cs > 0.

Appendix O. Proof of Lemma 27

In the proof of Lemma 23 in Appendix J we require that fo > f, fo > f1 and fo > 1. These conditions
come from equations (127), (131) and (133) respectively. We can, therefore, fix f and f; such that f < 1
and 1 < f1 < fo, and give an expression of fy as a function of f as e — 0. From equation (127), we have
that

fo
7

Nia

> —
ming, ere Nia(m)’

(229)

which is required by the condition that det(My) in (124) is positive when 7, € T.°. While N;; does not
depend on ¢, we can argue that, for ¢ — 0, the minimum in the denominator is lower bounded by Ny 1(7),
where

TLGTE:{t1fe,t1+e,...,tkfe,tk+e}. (230)
Therefore, a sufficient condition to ensure (229) is:

Joo N . (231)
f 7 mingeq Niai(m)

Note that min, 7 N: 1,1(11) — 0 as € — 0, since two rows of the determinant become equal. More explicitly,
let us assume, for simplicity, that the minimum over the finite set of points 7. is attained t; + e. Then, we
subtract the row with 7, from the first row of Ny 1(7;), and then expand the determinant along this row. By
taking 7, =t + €, we obtain

m

Nii(ti+¢€) = Z(_l)j+1N1,1,j [9(t1 = s5) — g(t1 — 5 + €],
j=1

where the minors Ny ; ; are fixed (i.e. independent of €). Therefore, as € — 0, we have that Ny 1(t1 +€) — 0,
with Ny 1(t1 + €) > 0, Ve. Then, everything else in N7 1(t1 + €) being fixed, there exists ¢y > 0 such that?

min N171(T1) = Nl,l(tl + 6), Ve < €. (232)
TLGTEC -

9 To see this, take f(€) = Ny 1(t1 + €) and we know that f is continuous, f(0) = 0 and f(e) > 0, Ve. If f(e) = Ce® on [0, €’] for
some € > 0 and C > 0, which we show later in the proof (see (234)), then take B = min.>. f(€), and then there exists ey < €’
such that f(e) < B,Ve < €. So we have that f(e) < min,>. f(7), Ve < €9, which implies that min,>. f(7) = f(€), Ve < €.
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We will now find the exact rate at which Ny 1(¢1 +€) — 0 for € < ¢p. In the row with 7, in N1 1(t1 +¢€), we
Taylor expand the entries in the columns j = 1,...,m as follows:

€
g(m—s5) = g(t1 — 55+ €) = g(t1 — 55) + €g'(t1 — s5) + 59”(5;’)7

2
(233)

for some §; € [t1 — sj,t1 — s; + €], and note that §; — t; — s; as € = 0. Then

N171(t1 + 6) =€

g(t1 —s1)
g (t1 — s1)

€ I

g'(t1—s1) + 59

g (b — 1)
g (tx — s1)
g(1—s1)

g(ti —s1)
g (t1 —s1)

9"(-51)
gtk — s1)
g (tk, — s1)
g(1l—s1)

(1)

gt —sm)

g (t1 — sm)
¢"(En)

g (T — 8m)

g/ (tk - sm)

g(1l—sp)

g (tl - Sm)
g (tr = sm)

g/(tl - Sm) + %g”(gm)

g (tr — sm)
g1 —sm)
2
€ €
= ENl,la

(subtract 2nd row from 7; row)

(subtract 1st row from 7; row)

(234)

for € < ¢y and note that swapping the 7; row with the third row involves an even number of adjacent row

swaps, so the sign of the determinant remains the same. Also, for € < €y, we have that:

g (t1 —s1) g(t1 — sm)
g (t1 — s1) g (t1 — sm)
g"(t1 — s1) 9"t — sm)
Ni, — : : =: Ny, >0, (235)
g (tk — s1) g(T — $m)
g (tk — s1) g (tk — sm)
g(1—s1) g(1—sm)

where the last inequality is true because Gaussians form an extended T-system (see [27]) and the determinant

in the limit does not depend on ¢.'”

10 Note that in the previous footnote we assumed that f(e) = Ce2, where C is independent of €, but actually from (234) we have
that f(e) = N1,1(t1 +¢€) = %N{,IV where N{,l — N{J > 0 as € — 0. Our conclusion that the Ny, ; goes to zero at the rate €2 does
not change because, for small enough E > 0, there exists ¢ > 0 such that:

0< Ny, —E<Nj,<Nj,+E, Ve<¢,
so f(€) > Cqe? for all € < €/, where Cy = (N{ 1 —E)/2 > 0is independent of e. Then, using the argument in the previous footnote,

there exists €g > 0 such that min, >, f(7) > Ca€? for all € < €y, and therefore we obtain a version of (236) where the factor in
front of 1/€2 is independent of e.
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Substituting (234) and (232) into (229), and noting the minimum in (232) can be attained at any 7, € 7.
defined in (230) (not necessarily at ¢; + €, which we assumed above for simplicity), we obtain:

2N

—, Ve <eo, (236)
T. N1,1

€2 min

o)
!

TLE

which is the condition we must impose on fo/f so that det(My) > 0 for € < ¢q instead of (128). Therefore,
for € < €g, we set

3N,

fo=C. = where C, = m and  lim C. € (0,+00). (237)
Using that f; < fo and 1 < fo, we bound C(fo, f1) in (53):
Clfo, /1) <& fd, (238)

where ¢; is a universal constant. Finally, we insert (237) and (238) into (60) and obtain:
(@C2f2/e! + 2k)*
f
3
2

= 2 4
<M._’ Ve < €, (239)
f €f

€

Ch <1> < (Elng_r%)% =

where we have used that f < 1. Similarly, from (61) we obtain

5
1 E2]005 _ 3z 1
Cy (;) < f = 02062]02 . 6_5
s 1
<eCé - —, Ve < e, (240)

€’

where cs is a universal constant, and this concludes the proof.
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